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Summary

Several spectral analysis algorithms have been developed to identify

spectral anomalies. A careful literature analysis is undertaken of sources

of nonlinearity through bearing distress and other contacts and rubs

within rotor dynamics. Several different models for such contact-force

or lubrication nonlinearities are synthesised from the literature. These

forces are implemented within a simulation of a simple Jeffcott rotor.

Reasonable parameter values are identified and results are reproduced

that are qualitatively similar to both those observed by Faraday Predic-

tive and seen in the literature. The results enable a tentative hypothesis,

using the theory of Arnol’d tongues about how the severity of bearing

distress may be reflected in changes to the observed spectrum. Various

recommendations are made as to avenues of further work to hone the

algorithms, apply spectral analysis to the synthetic simulation data,

and to perform more systematic parameter studies.
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Executive Summary

Several spectral analysis algorithms have been developed to identify spectral anomalies. This
includes a method to develop a significant ‘hump’ in a signal compared to a baseline, though
low pass filtering and maximisation. An additional algorithm using the Hilbert transform
has been developed to identify signs of amplitude modulation of the fundamental frequency,
and to identify peaks that can be thus explained. An extension to phase modulation is set
out in principle.

A careful literature analysis is undertaken of sources of nonlinearity through bearing
distress and other contacts and rubs within rotordynamics. Several different models for
such contact-force or lubrication nonlinearities are synthesised from the literature. These
forces are implemented within a simulation of a simple Jeffcott rotor. Reasonable parameter
values are identified and results are reproduced that are qualitatively similar to both those
observed by Faraday Predictive and seen in the literature. The results enable a tentative
hypothesis, using the theory of Arnol’d tongues about how the severity of bearing distress
may be reflected in changes to the observed spectrum.

Source code is supplied for all the algorithms and simulations implemented. This is
research code, which has not been fully tested, and comes with no guarantees of correctness.

Various recommendations are made as to avenues of further work to hone the algorithms,
apply spectral analysis to the synthetic simulation data, and to perform more systematic
parameter studies.

Page 2 of 48



Title of Problem ESGI145

Contents

1 Problem Description 4

2 Introduction 5

3 Spectral analysis 6
3.1 Identifying hump-type anomalies in the signal . . . . . . . . . . . . . . . . . 6
3.2 Hump Size and Location . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
3.3 Signatures of Modulation and Nonlinear Effects . . . . . . . . . . . . . . . . 10

3.3.1 Amplitude Modulation . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.3.2 Phase Modulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3.4 Signal Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

4 Nonlinear Rotordynamic Modelling 24
4.1 Literature review of nonlinear problems in rotodynamics . . . . . . . . . . . 24
4.2 Lubrication theory and bearing modelling . . . . . . . . . . . . . . . . . . . 27
4.3 Mechanical models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.3.1 Jeffcott model for an eccentric rotor . . . . . . . . . . . . . . . . . . . 28
4.3.2 Solid/solid contact . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
4.3.3 Fluid/solid interaction . . . . . . . . . . . . . . . . . . . . . . . . . . 31
4.3.4 Simulation model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.4 Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
4.4.1 van der Heijden model . . . . . . . . . . . . . . . . . . . . . . . . . . 35
4.4.2 Lubrication model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

5 Main Findings and Recommendations 40

A Supplied Code 46
A.1 Spectral analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
A.2 Rotordyanmics simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

Page 3 of 48



Title of Problem ESGI145

1 Problem Description

Faraday Predictive is a small Cambridge-based technology company, specializing in the pre-
dictive maintenance of rotating industrial equipment such as pumps, fans, compressors, and
conveyors. Issues associated with maintenance of this industrial equipment are estimated to
cost $700 billion pa worldwide, with much of this money being wasted through inappropriate
maintenance strategies. Faraday Predictive provides a means of remotely monitoring rotat-
ing equipment and diagnosing impending faults. This helps the customer (who might be a
water company, for example) maintain their assets in a timely manner and avoid a catas-
trophic machine failure by scheduling preventative actions well in advance and conversely to
avoid doing un-necessary maintenance on a time-schedule when it is not required.

Their technology uses the electric motor driving the equipment as a sensor, by measuring
the voltage applied to, and current drawn by, the motor, and identifying subtle distortions
in the shape of the current waveform relative to the voltage waveform. These relative distor-
tions, identified by means of a mathematical modelling approach, are expressed as a residual
current. The frequency components in this residual current correspond to the characteristic
frequencies of the phenomena causing them, which are typically related to deterioration of
the equipment, such as bearing wear, belt slippage, internal corrosion, rubbing, misalign-
ment, etc. By matching the observed frequencies against known characteristic frequencies,
we are able to identify the likely cause of the distortion, and the amplitude of the signal at
this characteristic frequency indicates the severity of the problem.

A range of mathematical techniques are used in each step of this process, and they can be
further described and explored if this is of interest, particularly if the initial exam question
is solved early in the week. However, the “Exam Question is a specific one in the area of
Anomaly Detection:

• How can we reliably detect changes of shape of our spectrum given a noisy signal?

Once this step is firmly established, the subsequent steps in the process can be called into
action, and whilst we can describe and discuss these other steps with the group, their effective
deployment is all predicated on having detected the anomaly in the first place, so that is
where we want the group to focus first. For some failure modes, the problem manifests itself
as a simple peak at a particular location on the spectrum, and this can be detected relatively
easily. This is not the focus for ESGI. However, some other phenomena show up as a broad
hump of signals rather than at a single peak, and so far we do not have a good solution to
identifying this sort of shape change.

If the primary “exam question were solved early on during the week, a number of other
areas would also be of interest, including:

• What causes these humps, as opposed to peaks?

• What causes signals to show up as sidebands on higher harmonics as opposed to side-
bands on the fundamental? In addition, is there a rational basis for weighting the
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significance of one of these higher harmonic peaks as compared to ones on the funda-
mental?

• Empirically, we see subharmonics (e.g. 1/3, 1/5, 1/7th and sometimes multiples of
these, e.g. 2/7th, 3/7ths) of the rotational speed when rubbing friction is present.
Can you explain why this should be the case, and why it shows up at the particular
frequency in any particular case (e.g. why sometimes 1/5, and other times, 1/7th)?

2 Introduction

This report contains the results obtained during the Study Group and a small amount of
subsequent work, tidying up the results and performing further simulations and analyses.

The report is split into two main sections, numbered 3 and 4, which reflects the breakdown
of the working groups during the week effectively into two different teams.

The results from the first team, in Sec. 3, concern spectral analysis of the signals provided
by Faraday Predictive. First, we describe an ab initio way to extract information on humps
in the spectra from the data files supplied. Then we consider signatures of both amplitude
and phase modulation and how the Hilbert transform may be used to identify such effects
in a given signal.

The second team, who’s results are in Sec. 4, considered forward modelling of possible
rotor dynamic effects that can lead to different spectral anomalies. A careful literature review
finds various candidate effects how various theories from nonlinear dynamical systems theory
can be used to explain the resulting dynamics. We also describe mathematical modelling
and the implementation within a simple rotor of various rub, contact and lubrication effects.
Simulations are provided for several of these models.

Section 5 draws together the findings and offers recommendations for future work. All
cited literature is listed, and a separate appendix lists where to find the various pieces of
research code, that we have supplied along with this report.
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3 Spectral analysis

Analysing a typical signal arising from Faraday Predictive’s technology consists of 2 parts.
First, identifying the region(s) in the spectrum where an anomaly occurs; and second, inter-
preting the identified anomaly. In the first subsection below we will describe a method to
describe humps of anomalies in spectra. Then, in the following subsection, we will attempt
to extract the main features of the spectrum using the concept of amplitude and frequency
modulation.

3.1 Identifying hump-type anomalies in the signal

The residual current is the difference between the measured current and the normal driving
current expected to go through the electric motor to make it, and what it drives, rotate
under normal conditions. When a rotating machine develops a problem, the residual current
changes. To identify problems, one can try to identify when the residual current differs from
what is expected due to already identified modes of vibrations or known resonances.

To do this, one looks at the modulus of the Fourier coefficients of the residual current and
compares this to the normal value, referred to as base-line current, to identify anomalies. As
the residual signal is typically small compared to the baseline current, one typically analyses
the logarithm of the modulus of the Fourier coefficients. Care needs to be taken to identify
the ‘noise floor’, below which amplitude of feature there is no information.

In some instances, the residual has a definite peaks at specific frequencies which are
integer multiples, fractions or combinations of the rotation speed of the rotor, or of the AC
frequency of the drive. In other cases, anomalies occur in the amplitude of the residual that
exhibit regions or humps of non zero values.

In what follows, we will denote by X(t) the complex time series that we wish to analyse
and by Y (f). In particular we will denote by Xb(t) the time series of baseline residual current
and by Xr(t) the time series of the measured residual current Their Fourier transform are
then denoted respectively Yr(f) and Yr(f).

To identify anomalies, one must compute the Fourier coefficients of the residual current,
subtract from this the Fourier coefficients of the baseline/normal residual and then compute
the logarithm of that difference. Because, we are generally interested in the amplitude
spectrum, rather than its phase, we thus compute

log(|Yr(f)| − |Yb(f)|).

Figure 1 shows a typical output in which there is an anomaly. In particular, note the
regions of elevated measured residual compared with the baseline as identified inside the red
ellipses. We refer to these as ’humps’.

The first problem then is to find a method to identify humps. We propose a simple
algorithm as follows:
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Figure 1: An example of a residual signal (blue) and baseline (orange) as supplied by
Faraday Predictive’s software.

• Acquire the time series of the residual current Xr(t).

• Compute the absolute value of the Fourier coefficients for both the residual and baseline
signals: Yr(t) and Yb(t)

• Compute the anomalous spectrum defined as

Ya(f) = | |Yr(f)| − |Yb(f)| | (1)

• Compute the logarithm of the anomalous spectrum, log(Ya(f)), and apply a low pass
digital filter to the result. This can be done using a Butterworth filter, or just by
computing the Fourier transform of the function, setting to zero all the coefficients
above the frequency cut-off and then performing the inverse Fourier transform. The
cut-off frequency must be of the order of the inverse of the AC frequency or half of it
and one needs to adjust it to select the size of the features that one wants to detect.

One must then compute the exponential of the results to obtain what we call the
filtered anomalous spectrum:

Yfa(f) = exp (FilterLP,νc(Ya(f)) . (2)

Notice that the low-pass cut-off frequency, νc, is expressed in seconds (inverse of Hertz)
but that applying the low-pass filter is not equivalent to truncating the original signal
because of the absolute values and logarithms that have been used to compute the
anomalous spectrum.

• Compute the L2 norm of the filtered anomalous spectrum Yfa(f). This will provide a
measure of the anomaly, ignoring anomalies which have a very specific frequency.
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3.2 Hump Size and Location

Having identify humps inside spectral data, we can try to determine their size and position.
We can do this by performing the following steps:

1. Compute the logarithm of the filtered anomalous signal: log(Yfa(f)).

2. For a range of possible hump widths, w compute the convolution of the logarithm of
the filtered anomalous signal with a box function, Bω(v), of width w and area 1. One
can take for example

Bw(v) =

{
1
2w
|v| ≤ w

0 |v| > w.
(3)

We then take the maximum value of the result to be a measure of the hump magnitude
which depends on w:

H(w) = max
v

(∫ fmax

fmin

log(Yfa(u))Bw(u− v)du

)
, (4)

where fmin is the lowest frequency of Yfa(f) and fmax a fraction of the sampling fsmap
frequency, like fsmap/4 for example.

3. Plot a graph of the hump magnitude measure, H(w), against w, the width of the
convolution function. The result should be a decreasing function.

4. Find the w that corresponds to the maximum second derivative of the hump magnitude
measure. This is your characteristic ‘hump’ width say ŵ.

5. Again take the convolution of the logarithm of the filtered anomalous signal, log(Yfa(f)),
with the box function of width ŵ. The position of maximum of the result corresponds
to the position of the ‘hump’.

Results of using the this algorithm are illustrated on three specific data sets provided
by Faraday Predictive, referred to as Gena 1, Site A and Site K respectively, are presented
in Figures 2–4. The Gena 1 case is an example where there is a definite hump in the data
between about 25 and 75 Hz and this is clearly identified by the algorithm. For the Site A
data there is a raised hump at at the low frequency end of the spectrum. The algorithm
correctly identifies the right-hand boundary of the hump but has difficulty in deciding where
the left-hand (low frequency) end of the hump should be indicated. Finally, the site K
example is one in which there is barely any hump. Nevertheless the algorithm identifies a
slight hump in the data between about 200 and 600 Hz, which may or may not be significant.

It is useful to make some remarks. Note that this method finds exactly one ‘hump’. In
the case of multiple humps, this may show up in multiple spikes in the second derivative
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Figure 2: Determination of the hump for the Gena 1 data. (a) Residual (blue) and baseline
(red) data. (a) Logarithm of the absolute value of the difference between the residual data
and the base line, full data (blue) low pass data with a cut-off frequency of 0.01s (red). The
vertical red lines indicates the boundaries of the hump.

Figure 3: Similar to Fig. 2 but for the Site A data.
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Figure 4: Similar to Fig. 2 but for the Site K data.

graph and the algorithm could be extended to detect these. For each hump found, taking
the L2-norm of the filtered anomalous signal for the range of the hump will quantify its size,
and a significance cut-off could be developed.

Note also that if a baseline signal is not available or not suitable, then it is possible to
apply this algorithm directly to a low pass filter of the logarithm of the original signal.

There are some areas that require more rigorous mathematical investigation, these in-
clude:

• The choice of the maximum value in point 2.

• The choice of the second derivative in point 3.

• The choice of a box function for the convolution in point 2. A Gaussian with unit area
and varying standard deviation also works on some initial test cases but does not give
such sharp peaks in the second derivative of the hump magnitude measure.

3.3 Signatures of Modulation and Nonlinear Effects

Some anomalous spectra exhibit specific features that can be understood in terms of modu-
lation theory. Signals that can be adequately described in this way typically involve quasi-
periodic effects in which additional frequencies are excited which interact with the funda-
mental, or weakly nonlinear behaviour, where the signal can be described via a (typically
slow) modulation of the amplitude and/or phase of the fundamental. Note that in [1], it
is claimed that radial loads on bearings lead to an amplitude modulation of the residual
current, whereas non-radial loads lead to a frequency modulation (which is a form of phase
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Figure 5: Two example spectra showing possible effects of signal modulation.

modulation), of the residual current. Therefore, we shall try to characterise the hallmarks
of both amplitude and phase modulation.

Two examples of measured spectra of residual currents provided by Faraday Predictive
are presented in figure 5. Panel (a) shows a signal with an AC frequency of 50Hz exhibiting
two clear side band peaks around 45Hz and 65Hz. Panel (b) on the other hand, shows a
spectrum for a machine that has an AC frequency of 60Hz which has two clear peaks around
30Hz and 90Hz as well as a series of peaks with decreasing amplitude approximately every
4Hz.

The aim of this section is to find analytic expressions which depend only on a few pa-
rameters to describe the spectra. These functions could then be used as an anstaz for the
mechanical modelling of the rotating equipment, or alternatively to compare to a database
of values to infer the causes of the observed anomalies.

3.3.1 Amplitude Modulation

Amplitude modulation of a sinusoidal AC signal consists of a signal of the form

X(t) = A sin(2πνAC t) (1 +B sin(2πνmod t)) . (5)

Using trigonometric identities this is equal to

X(t) = A sin(2πνAC t) +
AB

2
[cos(2π(νAC − νmod) t)− cos(2π(νAC + νmod) t)] (6)
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and thus the Fourier coefficients correspond to two side-bands located symmetrically around
the AC frequency at νAC − νmod and νAC + νmod.

Thus a feature such as observed in Fig. 5(a) corresponds probably to an amplitude
modulation of 15Hz. Similarly, the two larger peaks in Figure 5(b) are likely to correspond to
an amplitude modulation of 30Hz, but the smaller peaks are probably created by something
else.

3.3.2 Phase Modulation

Phase modulation consists of a signal of the form

X(t) = A sin [2πνAC t+ φ(t)] ,

where φ(t) can be any function, either periodic or not. The simplest case is given by

φ(t) = A1 sin (2πνmod t)) ,

for which it can be shown that X(t) can be written as

X(t) =
∞∑

n=−∞

Jn(A) sin[2π(νAC + nνmod)], (7)

where JN(A) are Bessel functions of the first kind.
Note that equation (7) is the Fourier series of the phase modulated signal, which from

the combination of two sinusoidal functions leads to a very rich spectrum. The non-zero
frequencies in the spectrum are given by νAC + nνmod for each integer n.

The typical signature of phase modulation is that the spectrum is symmetric around
the central AC frequency. Aside from the large difference in shape, compared to amplitude
modulation, the big difference is in the amplitude of the coefficients. When the amplitude
of modulation A is small, the side bands decrease rapidly, while for large values of A, they
remain significant for a larger number of frequencies. This can be seen in the examples of
the logarithms of the Fourier coefficients in Fig. ??.

A double phase modulation corresponds to

φ(t) = A1 sin (2πνmod 1 t) + A2 sin (2πνmod 2 t)) (8)

and the function X(t) can then be written as

X(t) =
∞∑

n1=−∞

∞∑
n2=−∞

Jn1(A1)Jn2(A2) sin(2π(νAC + n1νmod1 + n2νmod2))). (9)

The results are plot in Fig. 7. We see that double phase modulation has an even richer
spectrum; the the non-zero frequencies are given by νAC + nνmod,1 + mνmod,1 for all integer
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Figure 6: Logarithm of the norm of the Fourier coefficients of a phase modulated signal as
given by equation (9) for a carrier of νAC = 60Hz and νmod = 3.75Hz. (a) A = 0.1 , (b)
A = 0.5 , (c) A = 1 , (d) A = 5 , (e) A = 10 , (f) A = 13 ,
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Figure 7: Logarithm of the norm of the Fourier coefficients of a double phase modulated
signal (??) for a carrier frequency νAC = 60Hz and modulation frequencies νmod1 = 15Hz,
νmod2 = 3.75Hz. (a) A1 = 0.1 ,A2 = 0.1 , (b) A1 = 0.1 ,A2 = 1 , (c) A1 = 0.1 ,A2 = 5, (d)
A1 = 1 ,A2 = 0.1 , (e) A1 = 1 ,A2 = 1 , (f) A1 = 1 ,A2 = 5, (j) A1 = 5 ,A2 = 0.1 , (h) A1 = 5
,A2 = 1 , (i) A1 = 5 ,A2 = 5,

n and m. The double phase modulation also leads to a symmetric spectrum around the
AC frequency but the Fourier coefficients do not decrease as fast as for the single phase
modulation.

Several of the data files we have looked at, like for example the one shown on figure 5(b),
appear to exhibit spectra that have symmetric or nearly symmetric side bands on either
side of the AC frequency. This suggest that these signals are either the results of amplitude
modulation, phase modulation or both.

Note that to look more like the measured spectra, rather than compute the exact Fourier
coefficients, we can use a different method, which better mirrors the experimental data.
Instead we generate the time series mathematically of a time window of 6.5s and sampled
at 2500Hz (to match what is done experimentally). The results are shows in Fig. ?? If we
compare figure 8 with figure 6(d) the main difference is that on the sampled figure, the peaks
have finite width, and are more rounded; they are smeared out altogether a long way from
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Figure 8: Reconstructed spectrum for a synthetic periodic phase modulation signal con-
structed by sampling the time series of the signal sin(2π60t+ 1 sin(2π3.75t)).
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Figure 9: (Half of) a sawtooth function of period 2π.

the fundamental. The reason is that some of the oscillations have long periods that are not
good integer multiple of signal sample. As a result, the spectrum exhibits broader, smoother
spikes. These are artifacts of the discretisation. To attenuate them one must take longer
samples (increasing the sampling frequency would not help).

Another issue with the spectra we have generated by hand is that the amplitudes appear
to decrease more rapidly than the one seen in Fig. 5(b). This suggest that we maybe should
use a different phase modulation function.

To investigate this, we have written a python program sawtooth_modulation.py to
generate time signals and compute Fourier transform of a sawtooth modulation as shown in
Fig. 9 The results are shown in figure 10-12.

The profile of the sawtooth function used for the phase modulation in figure 10-12 is
shown on figure 9.
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Figure 10: Logarithm of Fourier coefficients for sawtooth phase modulation. sin(2π60t +
2 SawTooth(2π60/16 t))
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Figure 11: Logarithm of Fourier coefficients for sawtooth phase modulation. sin(2π60t +
3 SawTooth(2π60/16 t))

Page 17 of 48



Title of Problem ESGI145

0 20 40 60 80 100 120 140

f

12

10

8

6

4

2

lo
g|

FF
T|

sin(2 60t + 5SawTooth(2 60/16 t))

Figure 12: Logarithm of Fourier coefficients for sawtooth phase modulation. sin(2π60t +
5 SawTooth(2π60/16 t))
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The sawtooth modulation does exhibit regular peaks that decay more slowly with fre-
quency than a sinusoidal modulation. This suggests that harmonicly rich functions should be
used a phase modulation ansatz to try to characterise broader regions of significant spectra.
Such non-periodic slow modulation of a signal are hallmarks of a weak nonlinearity in the
system, because the signal cannot be approximately captured by a finite combinations of
sine waves.

Nevertheless, dense regions of non zero frequencies, which we referred to as hump above,
are more likely to be hallmarks for strong nonlinear behaviour. In particular, it is known
that chaotic behaviour leads to broad band spectra. Possible mechanisms for the onset of
such behaviour will form the subject of Sec. 4.

A good way to test whether a signal is chaotic or not though is to compare time series
computed over relatively short times and over longer times. If the signal is truly chaotic
rather than a modulated sine wave, then the spectrum should become denser for longer time
series, whereas a quasi-periodic signal will develop more pronounced isolated peaks.

3.4 Signal Analysis

We shall now explain how one can extract we try to extract amplitude (and in principle)
phase modulation of the signal using the Hilbert transform.

The Hilbert transform is defined as

H(X(t)) =
1

π

∫ ∞
−∞

X(t)

τ − t
dτ. (10)

It can be shown that the Hilbert transform of the trigonometric functions are the following:

H(sin(2πνt)) = − cos(2πνt)

H(cos(2πνt)) = sin(2πνt) (11)

where ν is assumed to be positive. One also defines the Z transform of a real function X(t)
as follows

Z(X(t)) = X(t) + iH(X(t)).

(12)

IfX(t) = A cos(2πνt), then Z(X(t)) = A exp(2πiνt), and ifX = A sin(2πνt), then Z(X(t)) =
−iA exp(2πiνt), So, if one decomposes any signal X(t) as a series,

X(t) =
∑
n

(an cos(2π n ν t) + bn sin(2π n ν t)) , (13)
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Figure 13: The spectrum of the example signal GenA-1 ia

one can see that the Z transform provides an analytic continuation of the function X(t).
Specifically, we can write

Z(X(t)) =
∑
n

(an − ibn) exp(2π i n νt)

= A(t) exp(i2πφ(t)), (14)

where A(t) and φ(t) are real functions.
Based on the observations above, if we suppose that a signal is of the form

X(t) = A(t) cos(2π φ(t)),

and if we compute Z(X(t)), then the amplitude of the signal X(t) is given by A(t) =
|Z(X(t))| and the frequency can be extracted from the argument of Z(X(t)). Note that
within python, the hilbert transform of the scipy.signal module actually computes the
Z transform of the signal.

To compute the amplitude of the signal, we have produced a program AM_resonstruction_v2.py

to compute the modulus of the Z transform of the signal. We then compute the Fourier co-
efficients of that function and remove all the coefficients that are below a threshold h before
reconstructing the amplitude function.

We have use the program AM_resonstruction_v2.py to analyse the example time series
data GenA-1 provided by Faraday Predictive.

Figure 13 shows the spectrum of the GenA-1 residual current. One should emphasize
that for this analysis, we must start from the time signal and that we are unable to subtract
any baseline. This is because there is no way to know what the phase of the background
signal might be. So one must analyse a typical residual current first and then compare the
result to an anomalous residual current.

Figure 15(a) shows the filtered spectrum of the extracted amplitude modulation for a
threshold value of 0.15. Only 4 peaks have been kept: 30Hz, 60Hz, 90Hz and 120Hz.
Figure 15(b) shows the reconstructed time series over 6.5s. Once can see that it is modulated
and that the system is not completely steady.
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Figure 14: The computed amplitude modulation of the GenA-1 ia example.
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Figure 15: The filtered amplitude modulation of GenA-1 ia, using 0.15 as the threshold.
(a) The peaks retained; (b) the reconstructued signal.
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Figure 16: The GenA-1 ia original spectrum (blue) and reconstructed spectrum (red) for
the threshold (a) 0.15, (b) 0.1, (c) 0.05.
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Figure 16 compares the reconstructed amplitude modulated signal with the original one
for 3 threshold values: 0.15, 0.1 and 0.05. The 4th largest peaks looks like evidence of
amplitude modulation while the others do not seem to be so. To explain the additional
complexity of the signal, one should perhaps attempt to parametrise the signal using phase
modulation.

It is clear that the peaks should be matched better, but to achieve this, one would have
to extract the phase and the amplitude modulation simultaneously and reconstruct the time
series from their filtered versions. The implementation of such analysis automatically is left
for future work.

One point that it is interesting to note from the raw data in Fig. 16 is that there is a small
hill around the AC frequency (60Hz) and this is caused by the low frequency modulations
with frequencies between 1 and 2 Hz. As these corresponds to large period, they do not
always fit well within the 6.5s second windows used for sampling. To avoid these hills one
should use longer sampling windows. Notice that if the signal contains some oscillations of
even lower frequencies, the problem could persist as these frequencies will have a similar
effect, but only if their amplitudes are large enough. Another reason to recommend larger
samples is that any evidence of chaotic dynamics would be likely only revealed by comparing
evolution of the spectrum over a longer time span.
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4 Nonlinear Rotordynamic Modelling

Since the invention of the wheel, rotating machines have been a central part of human life.
In fact, the dynamics of spinning rotors underlies just about every man made machine, from
power generators, internal combustion, electrical and aero engines, to every day tools such
as drills, lathes and mills, to critical mechanical components of larger plants and assemblies,
such as fans, pumps and compressors. The monitoring and servicing of such rotors therefore
remains a critical part of maintaining the performance of just about every mechanical system
that we take for granted in everyday life.

Before developing a mathematical model to investigate the possible sources of nonlinear
behaviour of a spinning rotor, it is useful to conduct a survey of the relevant literature.

4.1 Literature review of nonlinear problems in rotodynamics

Rotating machines are unlike other mechanical vibration systems because of the large amount
of rotational kinetic energy that can be transferred into lateral or torsional vibration modes
whenever the rotor is out of balance. Reducing these vibrations is often the main goal of the
design and control and maintenance of rotating machines.

Extensive recent research has been carried out on exploring, both experimentally and
through mathematical models, the nonlinear vibrational dynamics of rotating machines,
see e.g. [2, 3, 4, 5, 6] and references therein for recent developments. The typical mech-
anisms that allows energy transference to vibration modes from the rotating mass is the
presence of centrifugal forces due to out-of-balance or out-of-alignment eccentricity. These
abnomormalities may arise due to manufacturing and assembling deficiencies, or due to op-
erational conditions and wear. Finite amplitude behaviour is typically then highly sensitive
to resonance between vibrational modes and the rotor drivespeed, and is exacerbated by the
presence of various kinds of nonlinearity.

Much information, including lots of experimental results can be found in the book by
Muszynska [7]. She has found many models that demonstrate subharmonic response.

Perhaps the most common causes of nonlinear behaviour in any rotor are a wide variety
of effects due to the dynamics of the bearings; see for example [8]. Here the specific source
of bearing nonlinearity can vary from squeeze film effects [9], so-called dry whip of journal
bearings [10] to magnetic bearing singularity effects [11].

Another major class of nonlinearity in rotor dynamics is geometric nonlinearity of varies
kinds, see e.g. [12]. Also Luczko [13], included the so-called von-Karman nonlinearity, cur-
vature effects, and large displacement gyroscopic and shear effects, and [14] et al analysed
the effect of a cracked shaft on the onset of a whirl instability.

A more violent source of geometric nonlinear behaviour is the presence of free masses
that are able to rotate in order to form an automatic dynamic balancing mechanism, see
[15, 16, 17] and references therein for theoretical and experimental results. Basically all of
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these systems, which are able to balance a rotor beyond its fundamental resonance, suffer
from the possibility of mode-locking into large-amplitude sub-harmonic whirling limit cycles,
similar to those described by van der Heijden [18] for a Jeffcott rotor.

This latter work [18] was one of the first to consider rotor-stator contact from the point
of view of nonlinear dynamics. This was inspired by the problem of rotating flexible shafts
in drillstrings, given the possibility of borehole interaction; see also [19]. Such quasi-periodic
motion and even chaotic motion has also been observed by a number of other authors, see
for example [20].

Probably the most extreme and most damaging form of nonlinear behaviour in rotordy-
namic systems is due to rotor-stator contact, see e.g. [21, 20]. Such problems often occur
due to interactions when overhung rotors, such as aircraft engines come into contact with so-
called snubber rings that are designed to limit vibration amplitude [22, 23]. Such problems
are also relevant for micro-electro-mechanical system (MEMS) rotors [24].

The nonlinear behaviour associated with rotor-stator contact can largely be characterised
as being due to one of two effects; namely sustained frictional contact or ‘rub’, and inter-
mittent contact or ‘bouncing.’ Studies focused on rub include [25, 26, ?] which have shown
that both forward and backward permanent-in-contact whirl motion is possible depending
on whether the rotor slips or sticks around the stator. Under rub conditions, torsional effects
become important [27] and can give rise to Hopf bifurcations and stick-slip behaviour [28].

In contrast, the dynamics associated with bouncing is potentially more violent than pure
rub. Bouncing motion has also proved more problematical to analyse, being fundamentally
unsteady; nevertheless see [?, 29] for an analysis using the theory of piecewise-smooth dy-
namical systems. The work of Zilli et al [6] was one of the fist studies to propose a theory,
backed by simulations for the onset of asynchronous bouncing orbits with numerical They
proposed a synchronisity condition, which was later shown by Shaw et al [30] to be equivalent
to an internal resonance condition when viewed in a rotating frame

See for example the Fig. 17 from the paper by Ma et al [31] which compares the results
from an impact and rub model with some of Muszynska’s [7] experimental results. Both the
model and the experiments show clear signs of sub-harmonic phase-locked motion that coex-
ists with smooth, non-contacting behaviour for rotor speeds that are beyond the fundamental
resonance speed of the rotor.

Another insightful set of experimental results were obtained by von Groll and Ewins [?].
They again saw significant subharmonic responses due to rotor rubbing, which they were
able to reproduce in a model which incorporated Hertzian contact and Coulomb fricion. By
varying the rotation speed they were able to find short intervals of speed at which there was
frequency locking into subharmonics whose ratio to the drive frequency had integer denom-
inator. Specific frequency ratios of 6/11, 12/13, 1/2, 15/32 were found. They commented
that [?]

The mechanism that is seen to be at work here might be of importance for certain
contact scenarios: The rotor and stator structures ”find a way” to respond at
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Figure 17: Comparison between simulation and experimental results for a stator rubbing
problem from the paper [31]. The experimental results are taken from [7]

their ”combined resonance frequency”, even though it might be much lower than
the excitation frequency, and even very low sub-harmonics of the rotor speed can
potentially feature strongly in the response spectrum

Occasional, partial rubbing and impact was also investigated theoretically and numeri-
cally by Goldman and Muszynska [32]. They concluded that

In the wide frequency range, the numerical results showed the sequence of sub-
harmonic and chaotic regimes strongly correlated with the number of impacts per
oscillation. For the lower orders of harmonic and subharmonic vibrations, the
dominant, with the widest frequency ranges, are one-impacting-per-oscillation pe-
riodic regimes. All other regimes represent bifurcation and transition between the
latter. The same is true for 1/3x oscillation, but the tendency of the multiimpact-
ing and chaotic regimes to widen their frequency band was noted. This indicates
an increasing intensity of the chaotic motion at higher frequencies. Another
worthmentioning result presented in this paper is an insight into the influence of
mixed viscous/dry friction forces at the contact, as well as the influence of rotor
anisotropy on the rubrelated responses.

This phenomenon of subharmonic frequency locking is reminiscent of the phenomenon of
Arnol’d tongues in input frequency ratio versus amplitude plots. A good explanation of this
effect can be found in the Scholarpedia page on ”Synchronization”

http://www.scholarpedia.org/article/Synchronization
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Figure 18: Arnol’d tongues. See text for details

An example of this general phenomenon is illustrated in Fig. 18. Here each tongue represents
a parameter region in which there is frequency locking (the shaded regions in the figure).
That is, despite the frequency ratio between two natural frequencies in the system being
a general irrational number, one finds periodic behaviour which repeats are n cycles of
one frequency and m of the other. This is called an m : n mode-locked or quasi-periodic
behaviour which appear on a spectral plot as a sequence of peaks at the fundamental and
at multiples of 1/nth of this frequency.

Arnol’d tongue type mode-locking was also found in a highly simplified model of rotor
dynamics with contact by van der Heijden [18].

Recently, a number of theories have been produced for the onset of bouncing type motion
in rotor-dynamics due to partial contact, see [6, 30]. Those papers refer to internal resonance
between forward and backwards whirling modes as being responsible for instability.

Note how most of the experimental and numerical studies in the literature use the rotation
speed as a bifurcation parameter, but Faraday Predictive are interested in cases where the
rotor is run at a fixed rotation speed but somehow deteriorates over time. We need to
understand what such a deterioration parameter may be. We assume that it is due to
rubbing, and perhaps due to either degradation of the bearing or increased eccentricity of
the rotor.

4.2 Lubrication theory and bearing modelling

It is well known that bearings can be a significant source of nonlinearity in rotor dynamics,
both nonsmooth rub and contact type effects, as well as smooth nonlinearity due to squeeze-
film lubrication effects.

The effects of magnetic bearings have been modelled in the work of Keogh and others, see
[?, 11, 29] and refernces therein. Ball bearings can naturally introduce different frequencies
into the spectrum due to frequencies associated with the ball passing frequencies; see, for
example [33].
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For this report, we have focused on the behaviour of journal bearings. These are lu-
bricated sealed units in which the lubricant is constantly filtered and refilled [34]. Many
potential nonlinear effects have been identified in the literature, including the possibility of
wear causing unfiltered particles to appear within the lubricant, causing periodic contacts
at less than the rotation frequency. See e.g. [35, 36]

4.3 Mechanical models

We shall develop a number of simple mathematical models capable of showing nonlinear
behaviour due to rotor-stator contact. General theory of the derivation and analysis of
multiple-degree of freedom rotor dynamic models is available in the textbook [37]. Here
though we shall focus on the simplest possible Jeffcott model of an eccentric rotors and
consider the effects of different types of bearing-rub nonlinearity behaviour. We shall ignore
specific bearing models, (such as ball or magnetic bearings) but assume a generic journal
bearing which can be modelled either by solid-solid interaction or through lubrication theory.

4.3.1 Jeffcott model for an eccentric rotor

The system we have in mind is sketched on the left of figure 19. The stator, in yellow, as
radius R1, while the rotor, in blue, has radius R2, and rotates at constant speed Ω. The gap
between the two is h = R2−R1 > 0, it is generally very thin (much thinner than shown here
for clarity), and it is typically filled with a lubricant (viscous oil). We denote the horizontal
coordinate by x and the vertical coordinate by y.

In general, all rotors are eccentric, as sketch on the right of figure 19: their centre of
rotation is not coincident with the center of the stator. This is due to manufacturing or
operating imperfections, typically because the centre of rotation rr is not coicident with
the centre of mass rm = rr + ε (ε is the eccentricity). This results in an eccentric force
proportional to the magnitude ε (norm of the vector ε) which prevents the centre of rotation
from sitting in the middle of the stator (in other words, rr 6= (0, 0), and we use the notation
rr = r exp iψ = (r cosψ, r sinψ) to describe it).

To describe the motion of the rotor, we need to develop the model sketched on the left
of figure 20 for the center of mass rm whose coordinate we call (x, y). To do this, we use
Newton’s law:

m

(
ẍ
ÿ

)
=
∑

Fexternal (15)

which means that the mass of the rotor m multiplied by the acceleration of the centre of
mass of the rotor equals all the external forces applied to it. These forces are:

• linear stiffness and damping (in red) with constant stiffness coefficient k and damping
coefficient c, these are typical in any oscillator and reflect the fact that the fluid in the
bearing will both oppose the motion of the rotor and dissipate some of its energy.
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Figure 19: On the left, ideal case of an concentric rotor, primarily used to introduce the
notation of radii, gap and rotation speed R1, R2, h,Ω. On the right, the actual case of
interest of an eccentric rotor. We introduce further notation: the centre of mass vector rm,
and centre of rotation rr, separated by the eccentricity vector ε.

Figure 20: On the left, dynamical two-degrees-of-freedom model for using Newton’s law and
three types of forces (red, green, blue). On the right, sketch and notation for the solid-solid
contact model.
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• eccentric force (in green), whose expression depends on eccentricity, mass, and rotation
speed, it is the term that gives energy to these oscillations

• any other nonlinear force (in blue)

In order to generate subharmonics, nonlinearities are necessary (i.e. the force must be
nonlinear in x, y, ẋ, or ẏ): they will be provided by this last ‘blue’ force only. There areat
least two candidates for nonlinearities:

1. solid contact between the rotor and the stator,

2. and the fluid/solid interaction due to the complex fluid motions within the lubricant

In the next two sections we look at how these two types of forces have been modelled in
the literature and propose some extensions/simplifications.

4.3.2 Solid/solid contact

On the right of figure 20 we show our notation for the solid/solid contact force to harmonise
the notation of various models found in several papers. We assume that the rotor penetrates
slightly into the stator (usually made of a very soft metal) by a depth δ > 0 (but very small):

δ = r − h when r > h (16)

δ = 0 when r < h. (17)

This equation above embodies a strong nonlinearity by the fact that the force can turn on
and off depending on r − h.

In table 1 we give a list of models for the forces tangential and normal to the contact
points based on various powers of δ and the contact speed δ̇ (the last row being the fluid
model discussed in the next section 4.3.3):

In order to obtain Fx and Fy (horizontal and vertical forces) from Fn and Ft, we use the
following equations:

Fx = −Fn cosψ + Ft sinψ (18)

Fy = −Fn sinψ − Ft cosψ (19)

where ψ is the contact angle (see figures 19-20) given by:

cosψ =
x− ε cos Ωt

r
(20)

sinψ =
y − ε sin Ωt

r
(21)
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Model Fn Ft

van der Heijden (1995) [18] kcδ 0

(also assume k = 0) with ε = 0 in def. of δ

Hua et al. (2015) [38] kcδ + ξδ2 µfn

(Coulomb dry friction)

von Groll & Ewins (2002) [22] kcδ
3/2(1 + 3

2
ccδ̇) µfn

(Hertzian contact)

Simplified Groll kcδ + ccδ̇ µfn

(not Hertzian)

Muszynska (2005) [7] kcr only if Ωt ∈ [T0, T1] mod 2π µfn

(partial rub at every rotation)

Modified Muszynska kc(δ − a) only if ψ ∈ [ψ0, ψ1] µfn

(obstacle a sticking out of stator)

Lubrication
12πLη(Ω− 2ψ̇)r

[h2 − r2][2h2 + r2]
− 12πLηR3

2ṙ

[h2 − r2]3/2

Table 1: Table summarizing normal and tangential forces for different models. The fluid
lubrication model (bottom row) is discussed in section 4.3.3.

which adds another nonlinearity into the system.
Hence, even the simplest contact model (van der Heijden in the top row of the table),

which is linear in that Fn = kcδ, should have enough non-linearities in x and y (due to
δ and ψ) to generate subharmonics. The other models (second to add tangential forces
(friction/rubbing) and nonlinearities in δ, which will obviously alter the dynamics, but it is
not clear that they are needed to reproduce the key phenomenon we are after. Numerical
simulations of these models will be used to shed light on this.

4.3.3 Fluid/solid interaction

We model the oil film between the rotor and stator using the lubrication approximation (gap
size h � R1, R2). The pressure field p(x, y) depends on the location r and speed ṙ of the
rotor. The local gap between the rotor and stator w(θ, t) is a particularly important variable.
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Figure 21: A model for an oil journal bearing

Consider the setup for the oil in a journal bearing as shown Fig. 21
The width of the gap, which we will define as w(θ, t) is assumed small relative to R1, in

the sense that h� R1 where h = R1−R2; typical values are around 0.01. This allows us to
approximate

w(θ, t) ≈ h+ r(t) cos θ.

Typically the Reynolds numbers for these flows will satisfy Re ≤ 1, which allows us to neglect
intertia and use a Stokes flow model; this is further simplified using the thin gap width by the
lubrication approximation. Assuming flow is homogenous in the normal z-direction, suitable
for a long rotor, we can use Reynolds’ equation for lubrication flows:

∂

∂θ
(
w3

ηR2
2

∂p

∂θ
) = 6Ω

∂w

∂θ
+ 12

∂w

∂t
.

Given the above form for h(θ, t) and periodicity in θ, one can solve for the pressure p:

p = p0 + 6µR2
2
((Ω− 2ψ̇)(2h+ r cos θ)r sin θ

(2h2 + r2)(h+ r cos θ)2
+
ṙ

r

( h2

(h+ r cos θ)2
− h2

(h+ r)2

))
.

The resulting forces (per spanwise unit length) in the directions θ = 0, θ = π
2

from integrating
across the full film are given by

Fn = − 12πηR2
3ṙ

(h2 − r2)3/2
,
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Ft =
12πηR2

3r(ω − 2ψ̇)

(2h2 + r2)(h2 − r2)1/2
.

However, this model is somewhat flawed, in that it fails to account for cavitation, where
the above expression for pressure becomes negative. This suggests that the model breaks
down, though crudely one could instead set the pressure to 0 in any region where it would
otherwise be negative (i.e. treating these regions as ’fluid free’). For details, see [39].

After some algebra, we obtain the following ‘Reynolds’ equation for the pressure:

∂

∂θ
(
w3

ηR2
2

∂p

∂θ
) = 6Ω

∂w

∂θ
+ 12

∂w

∂t

Fn =
12πLη(Ω− 2ψ̇)r

[h2 − r2][2h2 + r2]

Ft = − 12πLηR3
2ṙ

[h2 − r2]3/2

These are given in the bottom row of table 1.

4.3.4 Simulation model

For our simulations we consider the following set of differential equations

mẍ− c1mΩẏ + c2ẋ+ k1x+ k2y = mεΩ2 cos Ωt+ Fx

mÿ + c1mΩẋ+ c2ẏ − k2x+ k1y = mεΩ2 sin Ωt+ Fy
(22)

where the parameters are as follows:

m ... mass

Ω ... driving frequency

ε ... eccentricity

c1 ... constant for gyroscopic terms, default to 0

c2 ... damping

k1 ... stiffness

k2 ... stiffness cross coupling, default to 0.

We can express Fx, Fy further as

Fx = −Fn cosψ + Ft sinψ

Fy = −Fn sinψ − Ft cosψ
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with

sinψ =
y − ε sin Ωt

r

cosψ =
x− ε cos Ωt

r

and Fn, Ft being chosen depending on the model (see Table 1).
We have written a Python code provided, in which we have implemented the general

system of differential equations (22), rewritten as a system of first order DE, with Fx, Fy and
possible additional constants given for each model individually. We provide more information
about the supplied code in the subsection ??.

4.4 Simulation Results

In this subsection, we include results of two models, van der Heijden and the Lubrication
one, to illustrate creation of ‘humps’ in the spectrum and development of sub-harmonics. We
need to stress that even though our literature review revealed that the relationship between
spectra of displacements and current are not linked linearly, we are unsure what their exact
relationship is. The nature of their true dependence requires further investigation.

To be able to at least partially compare the models, we decided on a ‘default set’ of
parameters which is

m = 10 , ε = 0.03

c1 = 0 , c2 = 0.1

k1 = 10 , k2 = 0 .

(23)

This then gives us the natural frequency as

Ωnat =

√
k1
m

= 1 .

You might realize that the value for the gap parameter is missing in (23). This is due to
the fact that as its size closely depends on the behaviour of the chosen model, the size of
the gap needs to be varied to suit the studied model. We chose h = 0.05 for the van der
Heijden model and h = 0.3 for the Lubrication model. Further more, the following additional
parameter

kc = 100

was used for the van der Heijden model and

η = 10−5 , R2 = 0.1 · h = 0.03

were used for the Lubrication model.
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Figure 22: Evidence of sub-harmonics for van der Heijden model with default set of param-
eters (23) with lower damping c2 = 0.05 and Ω = 4.1. Especially note that ε = 0.03. The
position of the most prominent sub-harmonic is indicated. Compare with Fig. 23 to see the
effect of varying the eccentricity ε.

4.4.1 van der Heijden model

First presented model is the easiest non-trivial model - van der Heijden, which only considers
the normal force and ignores any friction. However, even this model is capable of producing
sub-harmonics (see Figure 22 and 23).

We found out that varying the eccentricity ε while keeping the other parameters fixed
(we chose Ω = 4.1) changes the nature of the graph (it is ‘messy’ for some values of ε
and suddenly calms for others) as well as the position of the sub-harmonic with the largest
amplitude.

Some examples of both the stationary phase portraits and phase portraits in rotating
frame (where the driving frequency has been negated) can be found on Figure 24. See
Figure 25 for a waterfall plot exploring the relationship of spectra and the driving frequency
Ω.

4.4.2 Lubrication model

The second presented model is the Lubrication model as we believe that it facilitates the
formation of humps (Figures 28 and 29).

Examples of phase portraits can be found on Figure 26 (we used same parameters as in
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Figure 23: Graph of spectrum of frequencies for the van der Heijden model with default set
of parameters (23) with lower damping c2 = 0.05 and larger eccentricity ε = 0.0525 and for
Ω = 4.1. The position of most sub-harmonics was approximated.

Figure 24 with the only exception of the different gap h = 0.3). Figure 27 then shows a
waterfall plot for the Lubrication model.

As Figure 27 clearly shows, this model most likely does not produce sub-harmonics (at
least for our set of parameters (23)). It does, however, produce a stable hump-like structures
beyond the rotor speed Ω. Note that this is highly sensitive to the particular rotor speeds.
For some rotor speeds Ω there appears a significant ‘dip’ beyond the main resonance peak,
but for others it appear a s significant hump. One possible explanation of this is that it is that
the lubrication produces an effective nonlinear damping, which is highly dependent on the
ratio of the drive frequency Ω and the natural frequency Ωnat. This effect seems unaffected
by either an increase in eccentricity (see Figure 28) or in damping (Figure 29). Increasing the
eccentricity increases the amplitude of the hump, whereas an increase in damping decreases
the hump and changes the importance of Ωnat and Ω.
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(a) Ω = 1.15 (b) Ω = 2.1

(c) Ω = 3 (d) Ω = 4.1

Figure 24: Phase portraits in stationary and rotating frames (on the left and right respec-
tively) for 4 different values of the driving frequency Ω.

Figure 25: Waterfall plot of spectral dependence on the driving frequency Ω for the van der
Heijden model.
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(a) Ω = 1.15 (b) Ω = 2.1

(c) Ω = 3 (d) Ω = 4.1

Figure 26: Phase portraits in stationary and rotating frames (on the left and right respec-
tively) for 4 different values of the driving frequency Ω.

Figure 27: Waterfall plot of FFT for Lubrication model
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Figure 28: Demonstration of increasing the eccentricity for the Lubrication model. The
eccentricity is varied from ε = 0.02 to ε = 0.38 with all the other parameters kept constant
at their default values and with Ω = 4.1. Only the FFT of

√
x2 + y2 is plotted for simplicity

Figure 29: Demonstration of the effect of increased damping on the Lubrication model. For
small damping (c2 = 0.01, on the left), the natural frequency is dominant in the spectrum.
With increasing damping (c2 = 0.1, on the right), the driving frequency takes over and the
whole ‘hump’ in between decreases. All other parameters were kept the same (default) set
(see 23) with the driving frequency Ω = 4.1.
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5 Main Findings and Recommendations

1. Methods for automatic detection of spectral anomalies:

• We have implemented a routine for the automatic detection of humps in the
spectral data. This can be used to identify regions of raised activity compared to
a baseline

• So far we have tested this only a limited range of data, but it seems to be quite
robust. One weakness is that the algorithm is currently only able to identify the
most dominant hump in the data. But this could in principle be extended to
detect further humps and its sensitivity to various parameters investigated.

Recommendation 1 Extend the hump detection algorithm to detect
multiple humps in the data. Test both the current and extended algorithm
on more data sets. In particular seek to optimise the threshold for hump
identification and the various ways of measuring maxima, derivatives and
convolutions as set out in Sec. 2.3 above.

2. Methods for identiying the presence of amplitude and phase modulation:

• We found evidence in many of the data sets provided of subsidiary peaks in the
data that are regularly spaced around the fundamental frequency in the output.
We have elucidated the contrasting hallmarks of amplitude and phase modulation,
which may be caused by mode coupling or weak nonlinearity.

• We have provided a code that uses the Hilbert transform to perform automatic
idenification of amplitude modulation and to reconstruct the signal using the
dominant frequences so identified. The results are successful in identifying the
origins of some of the subsidiary peaks in various data sets.

Recommendation 2 Extend the Hilbert transform algorithm to deal
with phase modulation in addition to amplitude modulation:

3. Nonstationarity and additional peaks:

• We have noted that some effects, including the broadening of peaks can be an
artifact of using a finite window of signal (typically 6.5s) to characterise the perfor-
mance of a rotating machine. We note that these can be caused by low frequency
modulation of fundamental frequeny peaks present in the system. It is possible
that apparent humps in the data may be resolved by computing signal over longer
times
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• It is also the case that nonlinearity and imperfection within any rotor is likely
to lead to nonstationarity. In particular, there is plenty of evidence from the
literature that bearing distress or other rub or contacts can give rist to chaotic
dynamics. By its very nature, chaotic dynamics is nonstationary and leads to
broad-band components within the spectrum.

Recommendation 3 Perform a more systematic study on some of
the more problematic spectra to determine the extent of nonstationarity
within the signal and the effect of taking both longer time slices and
compare the results of different time slices for evidence of artifical peak
broadening and/or chaotic dynamics.

4. Mathematical models of different rub and contact effects in eccecntric rotors:

• Through a careful synthesis of the existing literature we have produced a suite
of mathematical modes in python that can be run to produce synthetic spectra,
orbit diagrams and waterfall plots of spectrum with rotor speed, that are consis-
tent with those seen in the literature. These assume the simplest possible rotor
model, but implement a range of different nonlinear rub, contact and lubrication
nonlinearities.

• Using realistic generic parameter values, we found that we could reproduce the
existence of additional subharmonic peaks and hump-like portions of spectrum.
We also found evidence of humps or dips in higher frequency components, beyond
the rotor frequency.

• One item of confusion that requires futher clarification is that during the study
group we were told that for the data we were given the rotor’s resonance frequency
was likely to be much higher than the rotor speed (i.e. that these rotors are
sub-critical). However, on careful insight of the literature, all of the interesting
dyanmics that has been reported as a result of rub or contact appears to be for
super-critical rotors, that is for where the rotor speed is beyond the first natural
vibration frequency of the rotod.

• It should be stressed that during the study group we had limited time to test
and run the models we implemented. Some work was done post study-group,
but in general we found that the results are highly sensitive to parameter val-
ues, especially eccentricity, damping, and various parameters that characterise
the nonlinearity. Reasonable parameter values were only sought for the van der
Heijden an lubrication models. The others essentially remain untested.

• Our results followed most studies in the literature, in which we considered the
rotor speed Ω to be the main bifurcation parameter, for which we consider the
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dynamic effects of its variation. However, what would appear interesting from a
Faraday Predictive perspective would be to use a damage or distress parameter
as a bifurcation parameter.

Recommendation 4 Perform a more systematic parametric study of
one or more of the nonlinear rotor models. It would be good to have
some test data for a particular machine and then attempt to derive and
fit parameters of that machine to a nonlinear dynamics model. Then we
could consider a systematic study that attempted to explain the evolution
of damage over time. Ultimately this is what we understand is Faraday
Predictive’s core aim.

5. Linking the spectral analysis and the simulation model:

• A goal was identified during the study group to use the spectral analysis algo-
rithms we have developed on data generated from the simulation models. This
was unrealistic within the four days of work time that was available. This remains
a valid and pressing line of investigation.

Recommendation 5 Further test and perfect the spectral analysis
software by testing on a simulation model for which we know the cause
of the nonlineartiy or signal anomaly. This should enable testing of hy-
potheses about which effects cause which kind of anomaly and how to
develop a reliable test for it.

6. A possible indicator of bearing distress:

• We have developed an understanding of how subharminic peaks of different fre-
quencies at a rational ratio p/q of the fundamental drive frequency can arise where
q > p is typically a prime number. These represent frequency-locking due to non-
linear effects where a natural frequency of vibration of a nonlienar component
of the system is close to a rational ratio p/q of the fundamental. The theory of
Arnol’d tongues shows that such behaviour should become more pronounced the
stronger the level of nonlinearity. Such orbits are typically characterised by being
perfect limit cycles with p loops, when viewed in a rotating frame.

• These findings confirm and help explain the combined experimental and numerical
results of Ma, Muszynska and Groll & Ewins in the literature [31, 7, 22]. They
show that in the presence of a rub-type nonlinearity with a stator for a fixed level
of eccentricity, then a succession of different p/q orbits are excited as the rotor
speed is increased.
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• It is interesting to note that the suggest there could be a way of indicating the
level of bearing distress Bearing distress occurs as a result of contact between the
rotor (journal) and the stator (bearing). Contact forces increase with penetration
between the two surfaces, determined by the eccentricity of the rotor.

• One hypothesis is that increased contact forces give rise to more and more com-
plex quasiperiodic vibration patterns (p-loops with increasing p), these appear as
subharmonic frequencies in the spectrum at rational fractions of the main rotor
speed.

Recommendation 6 Further understanding of this distress hypothe-
sis should be sought by performing a bifurcation anlaysis of the Arnol’d
toungues of a simple rotor dynamic model such as that analysed here.
Also ascertain whether humps in the spectrum can represent chaotic dy-
namics which is typically observed outside of the tongues.
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A Supplied Code

A.1 Spectral analysis

The code described below are available on dropbox
https://www.dropbox.com/l/scl/AABDP8s-SohfsLmiu3iTzHYXDayPPr0VxKU in the CODE

folder.

hump detection.py The program hump_detection.py is in the subfolder HUMP. Together
with the 2 input files it uses as examples. These can be changed line 22 and 23 of the
program.

The program output 3 figures:

1. The absolute value of the Fourier Transform of the residual current and the anomalous
spectrum (1)

2. The anomalous spectrum (1) and its low-pass filtered version.

3. The anomalous spectrum (1) and its low-pass filtered version with 3 vertical bars
indicating the left, centre and right of the detected hump.

The program also outputs on the console, the L2 norm of the filtered anomalous spectrum
(with and without the logarithm) as well as the L2 restricted to the detected hump.
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sawtooth modulation.py The program sawtooth_modulation.py is in the Spectrum sub-
folder. It generates several time-phase modulation time sequences and display their spec-
trum. This include several sawtooth phase modulations.

fm spectrum dbl.py The program fm_spectrum_dbl.py is in the Spectrum subfolder and
it generates figures of several phase modulation spectra:

1. log |FFT| of sin(2π60t+ 3 sin(2π6t))

2. Sawtooth function.

3. log |FFT| of sin(2π60t+ 3SawTooth(2π60/16 t))

4. log |FFT| of sin(2π60t+ 2SawTooth(2π60/16 t))

5. log |FFT| of sin(2π60t+ 5SawTooth(2π60/16 t)

6. log |FFT| of sin(2π50t+ sin(2π12.5 t) + 6 sin(2π6.25 t)

7. |FFT| of sin(2π50t+ sin(2π12.5 t) + 6 sin(2π6.25 t)

AM reconstruction v2.py The program AM_reconstruction_v2.py is in the Spectrum

folder. It analyses the time series GenA-1_ia.csv and extract its amplitude modulation.
The main parameters one needs to adjust for different signals are initialised from line 50 and
are:

• hmin : the threshold value to filter amplitude modulations.

• fc : the carrier frequency

• fs : the sampling frequency

• kmax : the largest frequency to be shown on figures

The program outputs on the console, the list of frequencies that were selected to reconstruct
the amplitude modulation, as well as their amplitude. It also generates the following figures:

• The spectrum of the residual current.

• The spectrum of the extracted amplitude modulation.

• The filtered version of the extracted amplitude modulation .

• The reconstructed modulation amplitude.

• The first 10 cycles of the reconstructed modulation amplitude.

• The spectrum of reconstructed time series with the original one.
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A.2 Rotordyanmics simulation

The code described below is again available on the Dropbox
https://www.dropbox.com/l/scl/AABDP8s-SohfsLmiu3iTzHYXDayPPr0VxKU

in the NonlinearDynamicsSimulation folder. It consists of one Jupyter Notebook written
in Python 3 named Final_version.ipynb, which is heavily commented throughout. Short
summary of the code is as follows, with the order following the order of cells in the notebook:

1. Import of necessary packages and simplifying some notations (such as pi = math.pi)

2. Definition of the first order systems for two different solvers, see below

3. Definition of the time vector, time step and initial condition, which is used in the
following cell

4. Choosing the desired model, setting of parameters. The default set of parameters (23)
is provided as default

5. Choosing of a solver (fixed step vs variable step one), possibly choosing a method for
the variable step solver. Actual solving and extraction of the solutions

6. Removal of initial part of the solution to discard transient period, definition of the
solutions in a rotating frame. Plotting the phase portrait for both the fixed frame and
the rotating frame

7. Calculating and plotting the FFT transform of the data

8. Plotting data as a waterfall plot
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