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Summary

Sorption columns are used to remove contaminants from a flowing fluid
in a wide variety of industrial settings. To better understand the sorp-
tion process experiments are typically carried out in small columns, of
the order lem x 15cm. Industrial sorption columns are of the order
lm x 5m. It is well-known that results from laboratory experiments
do not scale-up well and so provide limited information to aid in the
design of large equipment. In this report we analyse two standard sorp-
tion models, which agree well with data from small-scale experiments,
and demonstrate that they cannot qualitatively match data from larger
experiments. We then develop a simple mathematical model which ex-
tends the earlier work and permits the inclusion of size effects. This
sets the scene for subsequent studies into the scale-up process.

1 Introduction

Perhaps the greatest danger currently facing mankind concerns environmental challenges
and climate change. In the most recent IPCC (Intergovernmental Panel on Climate
Change) report [IPCC2021] on climate change it is stated that “It is unequivocal that
human influence has warmed the atmosphere, ocean and land. [...] Observed increases
in well-mixed greenhouse gas concentrations since around 1750 are unequivocally caused
by human activities”. The link between climate change and human activity has been
apparent for many years, it is therefore all the more tragic that first world countries
could easily reduce emissions and achieve green energy targets. The well-known goal
of maintaining the global temperature rise between 1.5-2°C can now only be achieved
through drastic emission cuts combined with the active removal of greenhouse gases. To
achieve even 2°C scenarios by 2050, almost 6 billion tonnes of CO5 must be captured
and stored each year. Similarly the UN Sustainable Goal of a “toxic free environment”
requires the removal of a multitude of existing contaminants. The president of COP26,
held in Glasgow in November 2021, stated that “We can now say with credibility that
we have kept 1.5 degrees alive. But, its pulse is weak and it will only survive if we keep
our promises and translate commitments into rapid action.”

One practical method of removing fluid based environmental contaminants is column
sorption, either through absorption or adsorption. Column sorption involves passing a
fluid through a tube filled with a material capable of capturing certain components of the
fluid. A standard laboratory experiment would involve a column of the order 20cm long
and radius 5mm with a steady flow and contaminant escaping after around 15 minutes.
Industrial columns are of the order 5m tall and may run continuously for months with
a constantly varying gas intake. The environmental advantages of sorption processes are
offset by an increase in cost, which makes the technology less attractive. Irlam [2] suggests
that while COs emissions from a power plant may typically be reduced by 90% there is
an increase of between 45-70% in energy costs.
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Figure 1. (a) Experimental setup at LEQUIA laboratory. (b) Industrial system (repro-
duced from [9] under the Creative Commons Attribution-Share Alike 3.0 Unported li-
cense).

Whenever new systems or materials are investigated it is clear that testing will com-
mence at the laboratory scale, to verify any proposed improvements. However, practical
equipment must be much larger, as demonstrated by the two pictures shown in Fig. 1. A
well-known problem arises when scaling up results from experimental studies to practical
working devices. The aim of this study is to ascertain reasons for the failure to correctly
scale the models.

A key quantity in any experimental study of sorption columns is the breakthrough
curve, which represents the contaminant concentration at the outlet. This is an easily
measurable quantity and there exists a large amount of breakthrough data in the litera-
ture. No new model will be trusted without verification against such data. In Fig. 2 we
present two breakthrough curves reported by Liang et al [3] which show the ratio of the
outlet concentration of phosphorous divided by the inlet value, ¢g, after passing through
a column filled with biochar microspheres (MBCQ) with typical dimension of 3 and 9mm.
With the 3mm particles very little contaminant, approximately 0.04cy escapes until ap-
proximately 100 minutes when it starts to increase, finally reaching the inlet value which
indicates the adsorbent material is now full to capacity with phosphorous. The 9mm
particle curve shows an approximately linear increase in concentration for approximately
120 minutes before subsequently taking the same form as the 3mm curve.

In Fig. 3 we present two different sets of breakthrough curves for toluene adsorption
on Norit RB3 charcoal. The data comes from the work of the LEQUIA group and is
discussed in more detail in [7]. In the first figure the typical particle dimension for the
two experiments is 0.15-0.212mm and 0.425-0.6mm, the flow rate is 205mL/min. In the
second figure and additional particle size 0.212-0.425mm is shown while the flow rate has
increased to 260mL/min. Fig. 3a) shows what may be considered a “standard” form for
the experimental breakthrough curves: the outlet concentration is zero for a significant
period of time followed by an elongated S-shaped symmetric curve. Fig. 3b) also shows
an initial period with no breakthrough but the two curves for the larger particles appear
to have lost the S-shape. For the 0.425-0.6mm adsorbent there appears to be two almost
linear sections.
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Figure 2. Experimental breakthrough curves for two pellet dimensions. Reproduced from
Fig. 4 [3] under Creative Commons License V.4

In each set of experiments other operational parameters are kept fixed. Liang et al [3]
state that in their experiments there occurs significant chemisorption while the toluene
adsorption has been shown in previous works to agree well with Langmuir adsorption
kinetics with physisorption as controlling mechanism. Despite the significant differences
in their adsorption kinetics, the effect of particle size in both is similar. A reasonable
interpretation is then that some other effect becomes significant with the larger particles.
A possible mechanism is intra-particle diffusion, which should be fast with small particles
but slower with large ones such that for sufficiently large particles the intra-particle
diffusion time-scale becomes of the same order as adsorption. We will investigate this
later.

In the following sections we will investigate existing models coupling mass flow to a
mass sink equation, to see if they can be adapted in a simple manner to deal with the
system changes on scale-up. In the final section we investigate a more complex model
which incorporates intra-particle diffusion.
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Figure 3. (a) Toluene adsorption experimental data at 205 mL/min. (b) Toluene adsorp-
tion experimental data at 260 mL/min.

2 Derivation of averaged advection-diffusion equation
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Figure 4. Schematic of the experimental setup.

Fig. 4 shows the set-up for the mathematical model, fluid flows through a circular cross-
section pipe and contaminant particles attach to the surface of the adsorbate. Due to the
random packing of the adsorbent material we expect that, on average, the flow will be
radially symmetric, which allows us to write the mass balance

oc 0 9% 190 oc
+(“C):D[azz+rar (aﬂ !

ot = 0z
where ¢ is the concentration of contaminant [kg/m3], u the interstitial velocity and D
the diffusion coefficient. Due to the complex nature of the fluid flow w is generally taken
to be constant. An alternative approach is to describe the fluid velocity via the Darcy-
Brinkman approach, see Mondal et al [4]. With this model the effect of the column walls
may be accounted for. The thickness of the wall boundary layer is quantified by the Darcy
number. Using parameter values appropriate for column sorption we obtained a value of

(2.1)
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the order of 1074, indicating the presence of a very thin boundary layer. In the study
of [4] the Darcy number was of order 10~7. Consequently it is reasonable to assume the
velocity is constant throughout the cross-section.

Equation (2.1) holds within the fluid, for this reason there is no sink term, since mass
loss occurs at the solid-fluid boundaries. The sink term enters the flow equation only when
we average over a cross-section, which then incorporates both solid and liquid regions.
So, we now define an average concentration over a typical cross-section

R
¢prR%c = 27r/ crdr, (2.2)
0

where ¢ represents the void fraction (that is, the space occupied by the fluid). Then,
integrating Eq. (2.1) gives

¢R* [0c  odc  _d%] /Ra de
2{8154_“32 D@ =D o "o dr. (2.3)

Once evaluated, the final integral involves D (Oc/0r) terms. Since the equation only holds
in the void region the integral must be split accordingly

R

0 dc Oc

D — |r—|dr=DR—

/0 or (r 87") " or

Since there is no flux into the column wall the first term on the right hand side vanishes

while the summation of fluxes at the internal boundaries equates to the mass sink. If
mass loss occurs over the solid fraction we may express this as

Jdc; R? oq
D i =(1—¢)—pp—, 2.5

internal

5‘ci
+D Y rig: (2.4)

r=R internal

where p, is the density of the adsorbent (as opposed to the material adsorbed). This
is the appropriate density provided we take the standard definition from the chemistry
literature that ¢ is the mass of adsorbate divided by the (initial) mass of adsorbent,
measured in [kg/kg]. The mass balance for the contaminant is now

oc oe 0% (1-¢) 0q
— — =D —.

o 9T a2 T g o
In §4 we will work with a slightly modified version which accounts for the porosity inside
the particles. A simple calculation determines the final amount of material adsorbed

during the process . = (My — M;)/M;. This is used to determine isotherm graphs (plots
of . against the equilibrium concentration &).

(2.6)

2.1 Mass sink models

The classic adsorption sink model is the Langmuir equation
oq
ot

where k,, kq represent the adsorption and desorption coefficients and ¢, is the maximum

possible value of q. However, note that the k’s do not have the same units, the ratio

kaé (qm - Q) - kd(ja (27)
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kq/kq has the units of a concentration. If we set 9G/d¢t = 0 we find the isotherm g, =
Cem/(Ce + ka/kq), where the subscript e denotes equilibrium. Plots of experimental
data for 1/g. versus 1/¢, permits the calculation of g,, and the ratio k,/kq. In a static
experiment ¢, is measured after a sufficiently long time such that adsorption has ended.
In a column experiment ¢, = ¢, is the inlet velocity.
Given the non-linear nature of Eq. (2.7), a linearised version is often used

% = k(G — Q). (2.8)
This approximates the Langmuir form but requires a non-vanishing contaminant con-
centration. If ¢ — 0, such as ahead of the contaminant wave, Langmuir indicates either
zero adsorption or desorption (if ¢ # 0). Whereas if ¢ = ¢ = 0 the linear form suggests
adsorption is at its highest rate, despite there being no contaminant to adsorb. This
commonly used form should be applied with care.

2.2 Boundary conditions

Appropriate boundary and initial conditions for this system are

oc

UZ'E(O, t) - D@ . = Qz 5 (29&)
oc

5l =0 (2.9b)

é(z,0)=q(2,0) =0. (2.9¢)

The first condition is a balance between the known, incoming contaminant flux @; and the
flux just inside the column. The contaminant flux is determined through the total fluid
flux: if the total flux is @ then the velocity just at the column inlet is u;o = Q/(¢mR?) then
Qi = u;0Cin, Where ¢y, is the contaminant concentration in the incoming fluid. When only
trace amounts of contaminant are removed then the velocity is constant throughout the
column and the initial interstitial velocity u;o = u; is constant. At the outlet continuity of
flux would balance two expressions of the form ué — D(0¢/0z). Inside the column this is
identical to the expression provided in Eq. (2.9a), but applied at z = L, just outside the
column, since the fluid is not transported away we expect the velocities match across the
exit. Assuming the concentration just outside the column matches that just inside and
the external diffusion is small (inside the column D is determined by the flow around the
porous material, outside it is standard Brownian diffusion which is orders of magnitude
smaller, hence D, < D), we obtain Eq. (2.9b).

If all the contaminant is adsorbed within the column, the condition at z = L may not
be appropriate. All the curves presented in Fig. 3 show an outlet concentration of zero
until 80 to 100 minutes. This indicates that during the initial period the contaminant
was fully adsorbed before reaching the column outlet. Assuming a moving front, located
at z = s(t), we may replace Eq. (2.9b) with

e(s(t).t) = 2°

=5, = 0. (2.10)

s(t)
The latter condition is a consequence of zero contaminant flux at the front, that is,
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— D(0¢/0z) = 0 at z = s(t). The single condition at z = L has been replaced by two
at z = s(t) since the position s(¢), which defines the domain, is unknown.

2.3 Non-dimensional Formulation
We scale the variable as follows:
€ — CinC, G — Gmd, z— L2, t— Tt. (2.11)

Upon defining the length scale as £ = ucin7¢/((1—¢)ppGm ), which balances the advection
and sink terms, the mass balance in Eq. (2.6) becomes
0¢  oc 0% 04
Da—=+_—= = Pe —— - = 2.12
“oi "oz 92 oi (212)

where Da = £/ur is the Damkéhler number and Pe™" = D/(uL) is the inverse Péclet
number and both parameters are typically considered to be small [7].

The time scale is chosen to balance the mass sink equations. If we consider the linear
form of Eq. (2.8), we choose 7 = 1/k;, which leads to

9 _ . .

) 2.13a
97— &1 (2.13a)
whereas when considering the Langmuir equation (2.7) we choose 7 = 1/(kqcin) to find
9q
—=c(1—-4q) —kq. 2.13b
a7~ c1 =) —kq (2.13b)

In Eq. (2.13a), e = Ge/dm = 1/(1 + k) and in Eq. (2.13b), k = kq/kqCin.
The non-dimensional boundary conditions are

¢(0,7) — Pe 122 ~1, (2.14a)
gg =0, (2.14D)

i
&(5,0) = 4(2,0) =0, (2.14c)

where L = L/L. In the case of a moving front we substitute Eq. (2.14b) by

A — (2.15)

where § = s/L.

The above system is standard in the literature however mathematical analyses of the
equations are rare. A number of solutions focussed on the breakthrough curve are based
on ad hoc assumptions regarding the probability of contaminant escaping at the outlet,
the exception being [5, (] which use a travelling wave substitution to capture the be-
haviour throughout the column beyond the initial transient. In the following we will take
the travelling wave approach and focus on breakthrough data. The travelling wave is well-
designed for this, since although it is inaccurate for small times by the time breakthrough
is achieved the errors are negligible.
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3 Travelling wave solutions

In this section we apply the travelling wave approach to the non-dimensional problem
defined in §2.3, focussing first on the linear mass sink equation and secondly on the
non-linear Langmuir equation.

3.1 Linear mass sink

Consider the system defined by equations (2.12, 2.13a). We define the travelling wave
co-ordinate n = 2 — § (f) where d3/df = © and ¢ (é,f) = C(n), d(é,f) = @Q(n), which
leads to

—tDaCy, +C, = Pe 'Cy, +9Q,, (3.1a)
-0Q, = ¢ —Q. (3.1b)

where the derivatives with respect to n are written as subscripts for simplicity. In this
approach we consider the boundary conditions at the moving front rather than at 2 = L,
which leads to

C(0) = C,)(0) = 0. (3.2a)

Adsorption requires contaminant, so it must reach zero at the contaminant front
Q(0)=0. (3.2b)

In the travelling wave form we cannot apply conditions at Z = 0 and instead assume
the solution only holds when § (f) is sufficiently large such that we may write n|;—¢ =
-5 (f) — —oo. As we will see later the solution has an exponential dependence on —§ (f)
and so errors rapidly decay, so justifying this approximation. In the far-field the travelling
wave will require the adsorbent to be in its equilibrium state and the concentration to
be at the inlet value (in line with the equilibrium isotherm), hence

lim C=1, lim Q=q.. (3.3)

n——oo n——0o0

The first condition is consistent with extending the z = 0 condition back to —oo, such
that the gradient tends to zero.

Inspection of the above system should immediately suggest this cannot account for size
variation. The system only contains two parameters, both of which are small and hence
unlikely to affect the solution form. The particle size could affect the void fraction, ¢, and
consequently the interstitial velocity. Since the Damkohler number is small, these would
then mainly affect the length-scale £ and hence the horizontal scale of the solutions.
This form has previously been shown to match data for small particles, of the order pum,
with an initial sharp rise in outlet concentration [5]. A change in the length-scale cannot
account for the initial linear form exhibited by the 9mm particle data of Fig. 2.

Henceforth we will set Pe™! = 0, since its only real effect is to slightly alter the shape
of the breakthrough curve in the immediate vicinity of the moving front. Even retaining
this term the governing equations may be solved, but the final form is clearer without it.
Although Da is also small we retain it since it has no effect on the calculations. Integrating
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equation (3.1a) and applying the conditions at n = 0 results in

C(n) Qn). (3.4)

~ 1—iDa
Applying the far-field conditions determines the velocity ¢ = (G, + Da)fl. Integrating
Eq. (3.1b) yields
_ n o n
C(n)=1—exp o) QM) = Ge |1 —exp o) (3.5)
To revert back to the (z,t) system requires an expression for 5 (f). Given that d3/df =
¥, where v is known, we may write § (f) = 9t + 9 where §g is unknown and cannot be
determined from the initial condition since this is where the travelling wave does not
hold. Instead we will take information from the breakthrough curve, to do this we revert
to the dimensional co-ordinates and write

eat) 1_eXp<Z‘SO—t), (3.6)

Cin TU T

where the dimensional speed of the wave is
Lo U
T L+ (1= @)ppge/(¢cin) -

From the experimental data we may determine the time ¢;,, when the concentration
reaches half the inlet value and then, upon substituting 7 = 1/k,

(3.7)

V=

c(z,t) 1 z—1L

o =1- B exp | ki o ki (t — tl/g) , (3.8)
and the breakthrough curve is
c(L,t 1 q(L,t
(C. ) _ 1 —5exp (ki(t12 — 1)) = (q ). (3.9)

This form for the breakthrough curve shows no dependence on the particle size or void
fraction. The time ¢/, will be affected by the void fraction (for a given pressure drop
across the column) but this will only determine the position of the curve, not it’s shape.
Further, if we focus on the gradient

de o klcin
dt| _, 2

exp (kl (t1/2 - t)) , (310)

then it is apparent that for small ¢ < ?;/, the concentration does not exhibit linear
growth.

3.2 Nonlinear sink model

A similar analysis as in §3.1 can be performed when considering Eqs. (2.12, 2.13b). In this
case, the resulting dimensional expressions for the concentration and adsorbed material

c(z,t) 1 B oy o(o.t)
Cin B 1 + exp [kacin((x - L)/'U + (t1/2 — t))] o (1 + kacin> Gm ? (311)

are
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Figure 5. Breakthrough curves predicted by equations (3.9, 3.13a), solid lines come from
taking the experimentally determined k, value, dashed lines with three times this value.
The curves with zero gradient at first breakthrough correspond to (3.13a).

where the velocity of the wave front is now

u

v = . 3.12
T+ (1= D)ortn/ (i1 + ) (312)
In the limit k3 — 0 this matches the velocity from the linear adsorption model.
At the outlet, the breakthrough equations are
Cin
c(L,t) = , 3.13a
( ) 1+ eXp(kaCin(tl/z — t)) ( )
7rLka in
q(L,t) = dma” (3.13b)

(kacin + kd)<1 + exp(kacin(t1/2 - t)) .

An interesting feature of this solution is that the shape of the breakthrough curve, ¢(L, t),
provides no information on the desorption although the velocity, which is indicative of
how soon breakthrough first occurs, does depend on the ratio of desorption to adsorption.
In Fig. 5 we present breakthrough curves corresponding to an experimental study of
toluene removal [7]. Parameter values are taken from that study: for the case ¢, =
4.1 x 10~%*kg/m? the adsorption coefficients found were to be k; = 3.4 x 1074571, k, =
1.2m*/(kg s) and t, /5 = 459 minutes. The solid lines represent the breakthrough curves
of equations (3.9, 3.13a) (the one with a zero initial gradient is (3.13a)). To demonstrate
the effect of changing parameter values the dashed lines show results with k, — 3k,
(whilst keeping ¢, 5 fixed). Since, for a given flow, the adsorption coefficient is the only
parameter which can affect the solution it is clear that this cannot significantly affect
scaling up. Consequently, in the following section we add an extra level of complexity.
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4 Intra-particle diffusion model

As the size of the adsorbing material increases, it is reasonable to assume that diffusion
into these particles may affect the overall adsorption process. Therefore in this section
we consider an additional effect, which is the concentration of contaminant inside the
particle. To distinguish from previous quantities we will use the subscript ¢ to denote in-
terior. For simplicity, we assume that the particles are all spherical with internal porosity
¢; and radius R;. By assuming spherical symmetry we must only consider one additional
local variable 0 < r; < R;.

Assuming that the flow inside the particles is driven by diffusion we may analyse the
concentration within the particles gaps through a standard diffusion equation

Gci - DZ' 0 2601‘

where D; is the diffusivity inside the particles. This equation holds over the void area
within the particle. We define an average particle concentration

4 R
qﬁzgwaéz = / 47’(’7"1-267; dr. (42)
0

Applying this to the diffusion equation

4 0¢; ey Jc;

i=TR}—" =4nD; | R} — 271

Gigmltigy =AmDi | Rigo T:R_+_Z " ar,
i 7 internal a (43)

s

:4 Rzkl 7—71' 4Dz 2 Za
where we have approximated the flux at r; = R; by a linear kinetic relation
Oc;

Dia—; = ki(E—5), (4.4)

for some mass transfer coefficient k; (measured in [m/s]). The sum of fluxes within the
particle equates to the total adsorption onto the solid hence

qsi%wR? 8;; = AnR%ki(c— &) — (1 — ¢i)§wR§pi %qg .
Note, we distinguish between the mass sink within the particle ¢; and that within the
flow ¢q. The former is an average over a single particle with a void fraction ¢; the latter
an average over the column cross-section with a void fraction ¢. We define an adsorbate
density, p;, through the adsorbent volume within the particle as opposed to the previous
density defined over the total particle volume within the column such that p, = (1—¢;)p;.

The internal mass balance finally reduces to

(4.5)

0¢; 3k, _  _ (1 - sz) aqz
- — ) — ——— Mz 3 4.
o " ok (c—a) 5 "o (4.6)
which is subject to
Ei(z,ts) :(Ii(zﬁ,s) =0. (47)

This condition is a statement that the concentration and hence amount adsorbed within
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the particle is zero until the front reaches there, at time t5(z). Since ¢ = ¢(z, t) then both
G;,q; depend on z,t. The coefficient k; reflects how contaminant attaches to or enters
the surface of the adsorbent particle. It must account for the fact that the surface has
gaps and differs from the adsorption and desorption coefficients for attachment within
the particle. It must be determined by matching with experiments.

The correct kinetic relation should in fact involve (¢ — ¢;)|,._p, but since we now use
average values this must be approximated by (¢ — ¢;) (which will then affect the value
of k;). Equation (4.6) therefore states that the contaminant concentration within the
particle decreases due to removal by adsorption over the solid region and increases due
to the input of new contaminant at the outer boundary.

To relate the adsorption rates between the present model and that neglecting intra-
particle diffusion, we note that the rate of mass adsorption in the latter must balance
the rate at which mass increases inside the particle, either in the fluid or as adsorbate,

0q 0¢; 0q; _ 3ki(c—¢;)

Ppa = ¢ ot +(1- ¢i)ﬂz‘§ R (4.8)

The final equality follows directly from equation (4.6). Replacing p,q; in equation (2.6)
leads to

de  oc D825 _ 3ki(1-¢)

%P (-9)[, 0a 9q;
- oo - U065, 5] (410)

Writing the shape factor as & = 3(1 — ¢)/R; we see that (4.9) reproduces the formula for
randomly packed spherical particles, see [4, 8] for example.

The mass sink terms must be slightly modified to reflect the fact that adsorption occurs
within the particle

04 _

% = ki(Ge — @), (4.11a)
0q; _ _ _

8qt kaCi(Gm — @) — kadi - (4.11b)

This change does not affect the isotherm, which requires ¢; = ¢, at equilibrium.

4.1 Non-dimensional Formulation

Focusing on the data shown in Fig. 2 it appears that adsorption from larger particles
affects the early breakthrough but then the curve resembles those of smaller particles.
The close resemblance of results suggests that the previous scaling remains appropriate in
this case, however we note that shifting to the industrial scale may require consideration
of a different time-scale.

Since the concentration within the particle is due to contaminant entering with the
flow we scale ¢; with ¢;, to find
oc  0¢ _, 0% 0¢;  0G;

= Pe

Dﬁ A A —~ ~
aat+82 92 “of ot

(4.12)
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where @ = ¢;¢in/(ppGm ). Within the particle,

¢ 04;
C—C) = a— =, 4.13
Be— ) =S4 2 (1.13)
where 8 = 3kicinT/ppdmRi-
The sink terms are now
94
= = Ae - Ai 5 4.14a
Py de — 4 (4.14a)
i _ &i(1—g;) — ks (4.14Db)
o = 7 qi qi s .
and the boundary conditions are
ei(2,ts) = Gi(3,t5) = 0. (4.15)
4.2 Understanding the new parameters
In this new formulation, two additional parameters arise,
iCin (1 — iCin
o= b _p#il1=0) g Shewr T (4.16)
Ppdm ] PpGm i Tq

The first parameter is the ratio of maximum amount of contaminant that can occupy the
particle, ¢;cin, to the maximum amount that can be adsorbed into the solid phase, p,Gm =
(1 — ¢3)pi@m- It can therefore be interpreted as an intrinsic parameter of the material,
that is, depending on its physical and chemical properties but not on its size. A different
interpretation can be defined in terms of the Damkohler number (Da), and the bed and
particle porosity. In this sense, the parameter « is the equivalent Damkoéhler number
but inside a particle (4.13). This is related to the fluid Damkéhler number through the
particle void and flow void and solid fractions. Since these quantities are usually between
0.1 and 1, the magnitude of the parameter « is typically of the same magnitude as Da.
For a better understanding of the second parameter it is worth noting that the prob-
lem now has an additional time scale. Balancing the adsorption term, 9g;/0t with the
incoming contaminant term, (¢ — ¢;), determines 7, = (ppGmR;i)/3kicin. This represents
the time-scale for contaminant entering at the particle boundary to be adsorbed by the
solid. The parameter § = 7/7, therefore represents the ratio of the reaction time-scale 7
to the particle adsorption time-scale and may be considered a form of Thiele modulus.
For sufficiently large R; it may be sensible to work on the time-scale 7, rather than 7.

4.3 Thoughts/Reduction to previous model as R; — 0

Given the prevalence of models such as those described in §2 as well as their success in
capturing a wide variety of data it is desirable to demonstrate that the intra-particle
diffusion model reduces to previous models in the appropriate limit.

The key parameters introduced in the new model are the particle void fraction and
radius, ¢;, R;. We anticipate that as these become small in some limit the previous
models will appear. To avoid confusion we point out that adsorbents are typically porous
materials, since this can maximize the surface available for adsorption. Consequently
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the void fraction of the particles, ¢;, does not physically tend to zero. However, this
doesn’t mean that intra-particle diffusion always occurs. This relies on the relative size
of the contaminant molecules and the adsorbent pores, e.g. macropores (dpore > 50
nm), mesopores (2 nm < dpore < 50 nm) and micropores (dpore < 2 nm). Intra-particle
diffusion is only possible if the shortest dimension of the molecule is less than the pore
size and, if it does occur, how significant is the diffusion through the range of pore sizes
inside? This issue is considered in Cabrera-Codony et al [I] who report an exhaustive
assessment of the dimensions of different siloxanes and the pore distribution of diverse
activated carbons. If the smallest dimension of the contaminant molecules is greater than
the pore diameter then the intra-particle diffusion model will not hold. This discussion
suggests that taking the limit ¢; — 0 is not enough to move between the different forms
of behaviour. A small particle of material with ¢; =~ 0 would behave in the same manner
as a large particle.

Now consider the variation of R;, which affects the value of 8: 8 — oo as R; — 0
and f — 0 as R; — oo. In the limit 8 — oo we observe that equation (4.13) reduces to
¢ = ¢; and we may remove ¢; from the system, however ¢; remains. If we consider the
non-dimensional form of the left hand terms of (4.8) we obtain §; = aé;; + Gir. In the
limit ¢; — 0 or Da — 0 we find @« — 0 and so ¢ — ¢; and we obtain an equivalence
between the adsorbed mass expressions. The leading order system may now be written

9c 0c % 0g
& = @&, (4.17D)
9q
X a(1—§)— kg, 417
5 ¢(1—q) — kg (4.17¢)

and the standard model neglecting intra-particle diffusion is retrieved. To be clear we
state that the reduction to the standard two equation system occurs for small R; and ¢;.

5 Conclusions/Future Work

Experimental data for large and small columns, using large and small sorbent particles,
exhibit a different form at early times. With large pellets an initial linear increase in the
outlet concentration is observed, which then joins up to the exponential form typical of
small pellet results. Standard models do not capture this linear behaviour, hence the goal
of this meeting was to develop a suitable model which explains this early time growth.

To understand the sorption process we first investigated two standard models, devel-
oped for small column experiments. These accounted for the contaminant concentration
in the fluid and an averaged mass sink in the sorbent material. In both cases there was
little scope to include size effects. Returning non-dimensional to dimensional forms could
only scale the solutions: there was no possibility of qualitative changes in the form. The
inability to capture the initial linear concentration growth observed in experiments was
confirmed through travelling wave solutions of the two models.

To include a new level of complexity we then developed a model which accounted for
diffusion within the sorbent. This built on two earlier models taken from the literature
but without the need to introduce the shape factor employed in these works. The re-
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sulting system includes a term which accounts for the particle size and introduces a new
time-scale. The new time-scale in particular could account for the change in early time
behaviour when small and large particles are employed. During the meeting there was
not enough time to analyse this model but studies are currently under way to produce
numerical and approximate analytical results.
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