[image: ]
A level Further Mathematics for AQA Student Book 2 (Year 2)
Scheme of Work
This Scheme of Work has been compiled to help you teach the new AS/A Level Further Mathematics for AQA specifications. 
Each page covers one chapter from Cambridge University Press’ brand new resource A Level Further Mathematics for AQA Student Book 2 (Year 2), for the specifications for first teaching in 2017, and has been divided into the following sections:
· Specification references and chapter objectives show you how the resources cover each point of the specifications, and what students should learn throughout the course of the chapter.
· A teaching breakdown provides a suggested number of teaching hours to cover the content of the chapter, based on 360 GLH for a full A Level, and 144 GLH for the AS content. You may need to adapt this guidance according to your timetable.
· An introductory paragraph gives you some context for the chapter, and explains its content in more detail.
· Common misconceptions provide guidance on areas where students typically make mistakes, and techniques you might use to address these.
· Chapter links provide reference to supplementary resources, including Underground Mathematics and NRICH. These also highlight synoptic links between different areas of the book, including pure and applied.



1 Further complex numbers: powers and roots (p.2)
AQA specification references: B8-B11
Chapter objectives
· Raise complex numbers to integer powers (De Moivre’s theorem).
· Work with complex exponents.
· Find roots of complex numbers.
· Use roots of unity.
· Find quadratic factors of polynomials.
· Use a relationship between complex number multiplication and geometric transformations.
Teaching breakdown
	Chapter section
	Number of lessons

	1. De Moivre’s theorem
	1

	2. Complex exponents
	1

	3. Roots of complex numbers
	3


	4. Roots of unity
	

	5. Further factorising
	1

	6. Geometry of complex numbers
	1



This chapter builds on the work from Further Mathematics Student Book 1 on complex numbers. De Moivre’s theorem is introduced and proved first, followed by Euler’s formula. In Section 3 the Fundamental Theorem of Algebra is applied to polynomials of the form zn – w = 0 to find all n solutions. The ideas of Section 3 are then applied to the equation zn – 1 = 0, the roots of unity. Section 4 ends with algebraic manipulations involving factorising and applying the previous section’s tools. 
Section 6 is dedicated to the geometry of the complex numbers, including the geometric consequence of multiplying by complex numbers. 
Common misconceptions
It is important that students know De Moivre’s theorem and can manipulate complex numbers into modulus–argument form. Here, common mistakes are algebraic errors that come from applying De Moivre’s theorem incorrectly. Worked Examples 1.1 and 1.3 demonstrate possible ways to use De Moivre’s theorem and will help students understand where algebraic mistakes could occur. 
For complex exponents, most issues come from incorrectly remembering Euler’s formula and a lack of confidence when it comes to working with complex numbers in modulus-argument form. The black questions in Exercise 1B will help develop this fluency. 
After developing the tools of Sections 1 and 2, Sections 3, 4 and 5 apply these tools to polynomials. Studying roots of complex numbers can be problematic if students don’t have a clear idea of what they are trying to achieve. Before using Worked Example 1.7, apply De Moivre’s theorem to Worked Example 1.8. That is, start with z = r (cos  + i sin ) and equate real and imaginary parts for 729 = r6 (cos 6 + i sin 6). Then draw parallels with 

1 Further complex numbers: powers and roots (cont…)
Worked Example 1.7 - this will allow students to focus on what is needed to find the roots of polynomials of the form zn – w = 0. Two key ideas are linked to Section 6: multiplying complex numbers gives rise to a rotation (based on the argument) and a stretch (based on the modulus). Students who miss these two key ideas often struggle to reproduce the process. This is also true for Sections 4 and 5, with Worked Examples 1.10 and 1.13 exemplifying the processes. Worked Example 1.11 and Key Point 1.9 restate an important result for roots. Worked Example 1.12 gives a different way to use the roots of unity that should remove the misconception that students will only be finding solutions to the equation zn – w = 0.
The final section for this chapter explicitly makes the link to the geometry of complex numbers. Students can often think of working with complex numbers as a purely algebraic process. Worked Example 1.15 and Exercise 1F questions 4 and 7 are good questions to demonstrate that complex number techniques can answer questions in geometry. 
Chapter links
	Source
	Description

	External resources:
NUMBAS

Brilliant
STEP









Geogebra
	

Computer testing: http://numbas.mathcentre.ac.uk/test-yourself/mathcentre-polar-form-and-de-moivres-theorem/
De Moivre’s theorem: https://brilliant.org/wiki/de-moivres-theorem/
https://stepdatabase.maths.org/database/index.html
10-S3-Q3 roots of unity
14-S3-Q5 geometry
88-S1-Q6 geometry
88-S2-Q4 geometry
87-S2-Q4 geometry
98-S1-Q5 geometry
06-S3-Q5 roots of unity and geometry
97-S3-Q3 roots of unity and geometry
09-S3-Q6 Euler’s formula and geometry
Complex roots: https://www.geogebra.org/m/Uxrv3Nzh
Roots of a complex number: https://www.geogebra.org/m/V3QEU7PW

	Links with other topics
	Section 1: Rewind to Further Mathematics Student Book 1, Chapter 1
Section 1: Fast forward to Chapter 2
Section 1: Rewind to Further Mathematics Student Book 1, Chapter 12
Section 1: Rewind to Mathematics Student Book 2, Chapter 8
Section 2: Fast forward to Chapter 11
Section 3: Rewind to Further Mathematics Student Book 1, Chapter 1
Section 4: Rewind to Further Mathematics Student Book 1, Chapter 2
Section 4: Fast forward to Chapter 2
Section 6: Rewind to Further Mathematics Student Book 1, Chapter 1
Section 6: Rewind to Further Mathematics Student Book 1, Chapter 8




2 Further complex numbers: trigonometry (p.32)
AQA specification references: B8-9
Chapter objectives
· Use De Moivre’s theorem to derive trigonometric identities.
· Find sums of some trigonometric series.
Teaching breakdown
	Chapter section
	Number of lessons

	1. Deriving multiple angle formulae
	1

	2. Application to polynomial equations
	1

	3. Powers of trigonometric functions
	1

	4. Trigonometric series
	1



This chapter further explores the use of complex numbers, specifically applied to the area of trigonometric functions. Like Chapter 1, Section 6, where complex numbers were used as a tool to solve geometry problems, here the structure of De Moivre’s theorem is exploited to derive identities for multiple angles of sine and cosine functions in terms of powers of sine and cosine functions. In Section 2, a power of sine or cosine can be represented by an expression in terms of multiple angles of sine and cosine (using the binomial theorem). 
Finally, the application of complex numbers to trigonometric functions ends with the use of Euler’s formula in the derivation of an expression for the sum of certain types of trigonometric series. 
Common misconceptions
Before starting each section, it would be a good idea to use the “Before you start…” to retrieve the required knowledge that will be used in each section. For Section 1, use question 1 and then ask the follow up question “how could we simplify this if we did not know De Moivre’s theorem?” This will lead students to make a connection to the previously covered binomial theorem (Before you start question 3) and motivate the techniques used in Worked Example 2.1. Note that question 8 from Exercise 2A will require knowledge of small angle approximations from A Level Mathematics Student Book 2. 
Section 2 applies the technique learnt in Section 1. Students can sometimes work in isolation and don’t spot when they can apply other known mathematical techniques. It may be useful to work through Worked Examples 2.2 and 2.3, highlighting the other mathematical tools being used to solve these two questions. Students could then apply these ideas to Exercise 2B questions 2, 3 and 4. 
Students can sometimes become confused as to which direction they are trying to work towards after seeing the techniques in Section 3. Once students have worked through the worked examples in this section, they could go back and compare the style and structure of the questions being asked to those in Sections 1 and 2. One key style is that questions about integration of powers of sine and cosine other than two can now be asked with the techniques introduced in Section 3. However, it is good to prompt students to think about how they could integrate sin2 x and cos2 x without the techniques from Section 3. 
2 Further complex numbers: trigonometry (cont…)
Before starting Section 4, questions 4 and 5 from the Before you start section may help prepare students. One of the most powerful tools a mathematician has when working with complex numbers is that for any equation the real part and the imaginary parts must be equal on both sides. This key idea, along with the use of geometric series, is taken advantage of in the final section. Students will need to be able to work fluently with geometric series, index laws and Euler’s formula. Worked examples 2.6 and 2.7 can be used to demonstrate to students what is required and you (or the students) could then construct another question based on addressing the real parts (for 2.6) and the imaginary parts (for 2.7). Note that Worked example 2.8 could look intimidating to students (a common theme in this type of question) as the right-hand side looks mysterious. However, you should encourage students to discuss what they can see: half angles, a power of cosine, a multiple angle of sine. You could then ask students how these parts might come about, given that we know that the left-hand side is the imaginary part of the expansion. This type of discussion should help build some confidence and build in some processes the students can use when they see expressions whose origin they are unsure of. 
Chapter links
	Source
	Description

	External resources:
STEP

	

https://stepdatabase.maths.org/database/index.html
89-S1-Q8 Trigonometric identities
90-S3-Q1 Trigonometric identities
Spec-S2-Q3 Applying de Moivre’s theorem
96-S3-Q5 Finding exact values using de Moivre’s theorem
00-S2-Q4 Trigonometric identities
95-S1-Q4 Trigonometric identities
Spec-S1-Q7 Sum of series

	Links with other topics
	Section 1: Rewind to Mathematics Student Book 2, Chapter 8
Section 2: Rewind to Further Mathematics Student Book 1, Chapter 2
Section 3: Rewind to Mathematics Student Book 2, Chapter 11
Section 4: Rewind to Mathematics Student Book 2, Chapter 4





3 Further transformations of the ellipse, hyperbola and parabola (p.48)
AQA specification references: D16
Chapter objectives
· Recognise an ellipse, a hyperbola or a parabola from its parametric or polar equation.
· Find the equation of a curve after a combination of rotations, reflections and stretches.
· Identify a transformation, or a sequence of transformations, by considering the transformed equation.
Teaching breakdown
	Chapter section
	Number of lessons

	1. Parametric and polar form
	1

	2. Rotations and enlargements
	1

	3. Combined transformations
	1



If you have access to either a cone that you can take slices of or to GeoGebra AR (https://www.geogebra.org/m/R8Qd7U8y) you can demonstrate the conic sections by taking cross-sections. 
This chapter concentrates on the conic sections. Through the chapter students will work algebraically using parametric and polar forms in Section 1 and applying transformations to the curves in Sections 2 and 3. However, it is important that students “see” the curves they are working with at each stage and so should be encouraged to sketch or describe the curves they are working with, even if the question does not require it.  
Common misconceptions
Students can often misunderstand equations defined in a polar form. Worked Examples 3.2 and 3.3 can be explored and students should be encouraged to spot any patterns in the structure of the polar form that would determine which conic section they are working with. This will allow the students to have some expectation of what type of Cartesian equation they should get for each polar form. 
Students can still struggle with applying transformation and recognising these transformations in the equations that define the curves. Students could use a graphical calculator, Desmos or GeoGebra (or some other graphing software) to remind themselves of the algebraic consequences of the transformations they would like to perform. Students could be encouraged to have an expectation of what they think will happen first and then test it out. This is particularly important when it comes to order of combined transformations (Section 3). Exercise 3C, questions 1 and 2 could be used in this way. Students could state what they expect for part (i) and test using graphical software. They could then try part (ii) without this support. 


3 Further transformations of the ellipse, hyperbola and parabola (cont…)
Chapter links
	Source
	Description

	External resources:
Underground Mathematics 









NRICH:
Geogebra:
	
Conic sections in real life: https://undergroundmathematics.org/circles/conic-sections-in-real-life
Elliptical crossings: https://undergroundmathematics.org/circles/elliptical-crossings
Can we find the angle between these two tangents?: https://undergroundmathematics.org/chain-rule/r5678
Can we find the triangle areas given by a tangent?: https://undergroundmathematics.org/calculus-of-powers/r8286
What can we say if a point P on an ellipse is directly above the focus?: https://undergroundmathematics.org/chain-rule/r6710
Conic sections: https://nrich.maths.org/1486
Conics in standard form for graphing: https://www.geogebra.org/m/ssNngpcj

	Links with other topics
	Section 1: Rewind to Mathematics Student Book 2, Chapter 12
Section 1: Rewind to Further Mathematics Student Book 1, Chapter 6
Section 3: Rewind to Mathematics Student Book 2, Chapter 3





4 Further graphs and inequalities (p.62)
AQA specification references: D10-11
Chapter objectives
· 
Draw graphs of y = 
· 
Draw graphs of y =  for non-linear f(x).
· Solve modulus equations and inequalities.
Teaching breakdown
	Chapter section
	Number of lessons

	

1. The graph of   
	1

	
2. The graph of  
	1

	3. Modulus equations and inequalities
	



This chapter focuses on composing the function f(x) with x-1 (reciprocal) and |x| (modulus). The worked examples and questions focus on what changes and what stays the same when you perform each of the function compositions. 
Although it is possible to use a graphical calculator for some of the questions in this chapter, it is helpful if students avoid the use of this tool to begin with. Students can then use a graphical calculator to help check and eventually make the distinction between which exam-style questions would benefit from the use of a graphical calculator. 
The final section applies the knowledge gained in Section 2 in the context of inequalities. 
Common misconceptions
Students’ basic graph sketching skills need to be fluent so that they can concentrate on the points outlined in Key Point 4.1. The use of Before you start questions 1, 2 and 3 will help draw out which students will require additional support before starting this chapter. 
Key point 4.1 gives a comprehensive list of what happens to key features of y = f(x) when you compose with the reciprocal function. To help students turn these facts into something that can embed into their curve sketching skills you could ask them to come up with functions f(x) that have the feature listed and to sketch what happens to that feature under the reciprocal. Worked Example 4.1 starts with the graphical features for y = f(x) then works in generality to find the graph of y = [f(x)]-1. You could take this idea and construct other graphs with specific features and ask students to sketch the corresponding reciprocal feature.
Students sometimes have issues with the difference between |f(x)| and f(|x|) (especially if they are working with f(x)=x2). Using a graphical software package could help students recognise what the differences are. Exercise 4B questions 1 and 2 allow students to apply their knowledge to the graphs of functions, while question 3 starts from the algebraic side. 

4 Further graphs and inequalities (cont…)
Using these questions with mini-whiteboards could help diagnose those students who require a refresher of what | . | does. 
Exercise 4B questions 8 part b and question 9 can be used as a stepping stone to move into Section 3, highlighting any issues relating to solving that could come up. Students could be encouraged to sketch the functions they are working with as this will help to minimise errors in intersections between curves. The tip at the start of Section 3 is a warning and could be explored with students who are reluctant to sketch and prefer purely algebraic approaches. Studying Worked Example 4.5 will help students recognise what is possible when manipulating algebraically and may encourage them to spot stages where potential mistakes could occur. 
 Chapter links
	Source
	Description

	External resources:
Underground Mathematics






STEP

Geogebra
	

Can we identify the right sketch graph of this reciprocal function?: https://undergroundmathematics.org/combining-functions/r5868
Function builder II: https://undergroundmathematics.org/polynomials/function-builder-ii
Translating or not?: https://undergroundmathematics.org/combining-functions/translating-or-not
Can we find an inverse and sketch a modulus function?: https://undergroundmathematics.org/combining-functions/r5646
https://stepdatabase.maths.org/database/index.html
93-S3-Q3 Modulus
Modulus graph (quadratic): https://www.geogebra.org/m/X7m3GbEm
Reciprocal of basic parabola: https://www.geogebra.org/m/W7RqBQEy





5 Further vectors (p.78)
AQA specification references: F2, F3, F5, F6
Chapter objectives
· Find a vector perpendicular to two given vectors (using the vector product)
· Find the equation of a plane in several different forms.
· Find intersections between lines and planes.
· Calculate angles between lines and planes.
· Calculate the distance from a point to a plane.
Teaching breakdown
	Chapter section
	Number of lessons

	1. The vector product
	1

	2. Equation of a plane
	1

	3. Intersections between lines and planes
	2

	4. Angles between lines and planes
	1

	5. Distance between a point and a plane
	1



This chapter gives the definition of the vector product as a procedure to produce a vector perpendicular to two vectors a and b. It also relates the vector product a x b = |a||b| sin , where  is the angle between the two vectors a and b given in anticlockwise direction from a to b (as we have defined previously in the dot product) and  is a unit vector perpendicular to vectors a and b. This connection is then related to the formula to find the area of a triangle. 
Section 2 focuses on how we can describe planes using vectors and how this related to the Cartesian equations for a plane. These representations are then used in Sections 3, 4 and 5 when applying the tools of Sections 1 and 2 to intersections, angles and distances. 
Common misconceptions
Students need to have a good visualisation of what the vector product is calculating. The 3D view of GeoGebra can help to show this and recap what is required to define a line in a specific direction in 3D. In addition, students sometimes refer to vectors calculated as the normal or the perpendicular vector. It is a good idea to challenge this view as a x b gives a vector that is perpendicular to a and b, there are many. Asking the students what must be true about all such vectors would allow them to make links back to their AS knowledge of unit vectors. 
Algebraically, students often make arithmetic errors when applying the formula from Key Point 5.1. They can be encouraged to check using their calculator whenever possible. Key Point 5.3 outlines some of the properties that will be useful when working with the vector algebra of the vector product. Exercise 5A questions 13 and 14 can be used to draw out any misconceptions about the distributive and anti-commutative properties of the vector product. This will allow you to make links back to the two directions a vector normal to a x b might have. 


5 Further vectors (cont…)
In Section 2, it is important that students understand why you can construct an equation for a plane in this way. If they can do this, it makes it more likely there will be a smooth transition to the dot product form for an equation of a plane (Key Point 5.9). Worked Example 5.8 can draw out which students recognise that it is the direction vectors that matter when trying to construct a way to traverse a plane. Finally, Worked Example 5.9 demonstrates why it is necessary to check that the equations are consistent when showing that a point lines on a plane. This can be further explored by using the 3D view of GeoGebra.
Worked Example 5.12 demonstrates how to go from a Cartesian equation of a plane to a vector equation. This is something students can find challenging as they can struggle to suggest how to start, i.e. find two vectors perpendicular to a given vector. 
For Section 3, Worked Example 5.13 demonstrates to students an approach to take to determine if a line intersects a plane. For planes, visualising the different situations can be a challenge. Using the 3D view of GeoGebra can help students explore what features of a Cartesian equation for a set of three planes determines the type of intersections that will occur. 
For the final two sections, if the students have a good sketch in their minds for finding angles and distances then this will reduce the errors that can occur. The diagrams that come before Key Points 5.12 and 5.13 should be studied and students could be allowed the time to describe what is happening in their own words. Worked Examples 5.18 and 5.19 can then be used to make connections with the diagrams they have explored. 
Finally, in Section 5, a diagram is again useful as students can often attempt to follow formula to find the shortest distance between a point and a plane. Exploring the process in the classroom with paper and string could help the students recognise what the important steps are towards finding the distance. 
Chapter links
	Source
	Description

	External resources:
Underground Mathematics












Geogebra
	

Is it a plane?: https://undergroundmathematics.org/combining-vectors/is-it-a-plane
Can we express a point in this plane in terms of two parameters?: https://undergroundmathematics.org/combining-vectors/r7187
Which point P is on both this line and this plane?: https://undergroundmathematics.org/combining-vectors/r6006
Where are P and Q if PQ is perpendicular to l1 and l2?: https://undergroundmathematics.org/combining-vectors/r8828
If ai + bj + ck is perpendicular to these vectors, what is a:b:c?: https://undergroundmathematics.org/combining-vectors/r6493
Can we find the angle between the planes ABC and ABD?: https://undergroundmathematics.org/combining-vectors/r6449
Can we express a point in this plane in terms of two parameters?: https://undergroundmathematics.org/combining-vectors/r7187
Cross Product: Introduction: https://www.geogebra.org/m/RrDv9Wea 
3D Vector Geometry: https://www.geogebra.org/m/GTPCFBVW

	Links with other topics
	Section 1: Fast Forward to Further Mechanics Chapter 9
Section 1: Rewind to Further Mathematics Student Book 1, Chapter 9
Section 1: Rewind to Mathematics Student Book 1, Chapter 11
Section 3: Fast forward to Chapter 6
Section 4: Rewind to Further Mathematics Student Book 1, Chapter 9





6 Further matrices (p.114)
AQA specification references: C5-11
Chapter objectives
· Calculate determinants and inverses for 3 × 3 matrices.
· Use matrices to solve simultaneous equations in three variables.
· Interpret geometrically instances where there is no unique solution to three simultaneous equations in three unknowns.
· Carry out row and column operations and understand how these affect the determinant of a matrix.
· Find eigenvalues and eigenvectors for 2 × 2 and 3 × 3 matrices.
· Use eigenvalues and eigenvectors to diagonalise a matrix, and use applications of the diagonalised form.
Teaching breakdown
	Chapter section
	Number of lessons

	1. Transposes, determinants and inverses
	1

	2. Row and column operations
	1

	3. Solving linear systems with three unknowns
	2

	4. Geometrical interpretation of 3-variable simultaneous equations
	

	5. Eigenvalues and eigenvectors
	2

	6. Diagonalisation and applications
	1



This chapter leads on from the basics of matrices learnt from A Level Further Mathematics Student Book 1. Section 1 extends the calculations of the determinant to 3 x 3 matrices and the properties of the determinant are explored in Section 2. 
Matrices are hugely important in mathematics and one area where they are applied is to solve simultaneous equations. Sections 3 and 4 explore this and link the algebraic representation with the geometric. 
Invariance is a key pervasive idea in mathematics and this is explored in Section 5 by studying eigenvectors and eigenvalues through the invariance of points under transformations defined by matrices. The algebra of eigenvectors and the corresponding eigenvalues is then applied to find powers of matrices quickly.  
Common misconceptions
Students can find the vast number of definitions and facts that are required when studying matrices quite overwhelming. This leads to misremembering of formulae and misconceptions when working with the matrix algebra. To potentially address this, students could determine which definitions need to be remembered and which facts can be derived. 


6 Further matrices (cont…)
Students need to become fluent at finding the determinant and inverse of a 3 x 3 matrix. Exercise 6A questions 1–3 can be used to gain fluency. The process of finding an inverse of a 3 x 3 matrix requires students to remember quite a few stages and could be revisited over the course of the year. Students could also check that they have correctly found the inverse by multiplying the inverse with the original matrix. This can be accomplished on their calculators and even when unknowns are involved by substituting sensible values for the unknowns into the matrix (being careful of values that would make the matrix singular!).
Section 2 provides a series of algebraic manipulations students can perform on matrices to assist with working with the determinant of a matrix. Students can sometimes get carried away with these column and row operations, misinterpreting their use and misremembering the outcomes. Proof 3 could be taken and applied to your favourite 3 x 3 matrix, getting students to predict what will happen first before they check the algebra. 
Working with elementary row and column operations to factorise determinants looks strange to students in the beginning. However, if you encourage students to think about the structure of how a determinant is calculated for a 3 x 3 matrix, whilst working through Worked Example 6.5, this will deepen their understanding of determinants and help with this style of question. 
Section 3 extends students’ knowledge of solving simultaneous equations by using a matrix method. Students often find it challenging interpreting their result geometrically if there is no unique solution. This is explored in Section 4 and it can be useful to use the 3D version of GeoGebra to explore each of the situations outlined.
Worked Examples 6.9 and 6.11 involve a process called Gaussian elimination. This involves working with an extended 3 x 4 matrix, which includes the vector b as the final column when the system of simultaneous equations in matrix form is given by M x = b. Students often make arithmetic errors when performing row reduction on this new matrix, so should be careful to lay out their solution in a similar way to the worked examples to minimise such errors. 
When finding eigenvalues and eigenvectors, students can become confused as there is not a unique eigenvector for each unique eigenvalue. The introduction using Worked Example 6.12 can help students understand the relationship between eigenvalues, eigenvectors and the use of the matrix to define a transformation of the plane or 3D space. 
Again, language is important in the final two sections and the key terms are highlighted in bold throughout Section 5 and 6. 
Finally, Section 6 uses the tools developed in Section 5 to decompose a matrix M into the form UDU-1 when D is a diagonal matrix. This allows for rapid exponentiation of the matrix M. Students can sometimes forget the structure of the matrix U is dependent on the arrangement of the diagonals in D. Using MU = UD, and splitting it up column by column to make links to the previous section should help. 
The final tip in Exercise 6F could be explored to again revisit that eigenvectors are not unique for a given eigenvalue but part of a family of vectors. 


6 Further matrices (cont…)
Chapter links
	Source
	Description

	External resources:
NRICH


Geogebra:
	

Fix me or crush me: https://nrich.maths.org/6575
Cross with the scalar product: https://nrich.maths.org/6576
Nine Eigen: https://nrich.maths.org/6877
Nature of systems of equations (3 variables): https://www.geogebra.org/m/PMkkjKMa
Eigenvalues and Eigenvectors: https://www.geogebra.org/m/N78q77VK
Eigenvalues and Eigenvectors (3 by 3): https://www.geogebra.org/m/ZJtywDTd

	Links with other topics
	Section 1: Rewind to Further Mathematics Student Book 1, Chapter 7
Section 4: Rewind to Chapter 5, Section 3





7 Further polar coordinates (p.167)
AQA specification references: G3
Chapter objectives
· Find the area enclosed by a polar curve.
· Find the area enclosed between polar curves.
Teaching breakdown
	Chapter section
	Number of lessons

	1. Area enclosed by a curve
	1

	2. Area between two curves
	1



In A Level Further Mathematics Student Book 1, Chapter 6, students were introduced to polar coordinates through curve sketching. In this chapter, students learn how to find areas enclosed by polar curves and draw parallels with integration using Cartesian equation of a curve. 
Common misconceptions
Students should study Proof 4 as this will help them understand what a polar integral is calculating. Most importantly, students need to make sure they are working in radians. 
Worked Example 7.1 is a good place to start. Additional questions could be asked using this example to examine if students understand what the purpose of the boundaries for the polar integral are: can we write down an integral that calculates half of the area? How can we check that we are correct?
Through Exercise 7A, students can gain fluency in performing polar integrals by integrating typical functions in theta that they will come across. 
Students encounter issues when finding areas between two polar curves when they have not sketched the curves. It is also important to correctly trace out the sector they are looking for as the area enclosed between two polar curves. Exercise 7B questions 3, 4 and 5 are useful examples to discover if students can find areas when given a diagram and question 6 where a sketch is required first. 
Chapter links
	Source
	Description

	External resources:
Geogebra:

	

Areas with polar coordinates: https://www.geogebra.org/m/mCuDhtjU
Area under polar curves: https://www.geogebra.org/m/FdG3JGuj
Area between two polar graphs: https://www.geogebra.org/m/evy57yN4





8 Further hyperbolic functions (p.180)
AQA specification references: H1-3, H5, H6
Chapter objectives
· Define the reciprocal hyperbolic functions sech x, cosech x and coth x.
· Draw the graphs of reciprocal hyperbolic functions.
· Know the domain and range of hyperbolic, inverse hyperbolic and reciprocal hyperbolic functions.
· Work with transformations of the graphs of hyperbolic, inverse hyperbolic and reciprocal hyperbolic functions.
· Write the inverse reciprocal hyperbolic functions in terms of logarithms.
· Use further hyperbolic identities to solve equations.
· Differentiate hyperbolic, reciprocal hyperbolic and inverse hyperbolic functions.
· Integrate hyperbolic and reciprocal hyperbolic functions.
Teaching breakdown
	Chapter section
	Number of lessons

	1. Domain and range of hyperbolic and inverse hyperbolic functions
	1

	2. Reciprocal hyperbolic functions
	

	3. Using hyperbolic identities to solve equations
	1

	4. Differentiation
	2

	5. Integration
	1



Hyperbolic functions were first introduced in A Level Further Mathematics Student Book 1, Chapter 5. In this chapter, the hyperbolic functions are further developed to a similar depth of knowledge as trigonometric functions in A Level Mathematics: reciprocals, inverses, identities and differentiation. 
Common misconceptions
Students can often struggle with the domain and range of functions. However, as the hyperbolic functions can be defined using exponentials this can be exploited here to help students remember. Students need to be fluent in graph transformations as they will be able to use this tool to help construct the range and domain of functions made up of hyperbolic and inverse hyperbolic functions. Worked Examples 8.1 and 8.2 exemplify this followed by Exercise 8A questions 1 and 2 to test if students can replicate this process. 
In Section 3, hyperbolic identities are used and students can sometimes become confused between hyperbolic identities and trigonometric identities. You can remind students that Key Point 8.7 will be given in the formula book and they should become familiar with it. 
In Section 4, students who are familiar with all the differentiation techniques and the definition of hyperbolic functions in terms of exponentials will be able to focus on what the question is asking (Exercise 8D questions 3 to 10) rather than remembering how to differentiate composite and products of functions (Exercise 8D questions 1 to 2).

8 Further hyperbolic functions (cont…)
Chapter links
	Source
	Description

	External resources:
NRICH


STEP:
	

Trig Reps: https://nrich.maths.org/8107 
Hyperbolic Thinking: https://nrich.maths.org/8106
Gosh Cosh: https://nrich.maths.org/2377
https://stepdatabase.maths.org/database/index.html
93-S3-Q7 Equations
96-S3-Q1 Identities
16-S3-Q6 Intersections
01-S3-Q2 Area
04-S3-Q1 Integration
88-S2-Q6 Working with hyperbolic functions over certain domains
10-S3-Q2 Integration

	Links with other topics
	Section 1: Rewind to Mathematics Student Book 2, Chapter 2
Section 5: Rewind to Mathematics Student Book 2, Chapter 11





9 Further calculus (p.204)
AQA specification references: E1, E4-9
Chapter objectives
· Differentiate inverse trigonometric functions.
· 
Reverse those results to find integrals of the form (a2 + x2)−1 and  
· Use trigonometric substitutions to find similar integrals.
· Integrate using partial fractions with a quadratic expression in the denominator.
· Derive and use reduction formulae for integrals.
· Find the length of an arc and the area of a surface of revolution.
Teaching breakdown
	Chapter section
	Number of lessons

	1. Differentiation of inverse trigonometric functions
	1

	2. Differentiation of inverse hyperbolic functions in integration
	1

	3. Using inverse trigonometric functions in integration
	1

	4. Using partial fractions in integration
	1

	5. Reduction formulae
	1

	6. Length of an arc
	1

	7. Area of a surface of revolution
	1



This chapter introduces a range of different areas in which calculus techniques can be used to solve a given problem. 
The area relating to differentiation is studied in Section 1. The rest of the chapter is dedicated to processes that involve integration. Sections 3 and 4 examine integrals that involve quotients of quadratics and roots of quadratics. Section 5 gives a further tool to help integrate functions involving trigonometric, exponential and logarithmic. The final two sections give two different applications of integration to calculate geometric properties of a curve and 3D shape. 
Common misconceptions
Students need to be fluent in the techniques for integration and differentiation from A Level Mathematics. A good place to start is to try the Before you start questions to determine if the students are ready to start the chapter. 
Sections 3 and 4 address a certain structure of integral. Students can find it a challenge to identify which technique to use after learning about using inverse trigonometric functions in integration and partial fractions. Mixed Practice 9 questions 10 and 13 don’t specific which technique to use, whereas questions 14 and 15 do specify this. 


9 Further calculus (cont…)
Section 5 requires students to spot patterns. This can be very challenging but Worked Examples 9.11 to 9.14 outline several different styles of question that students will see. Exercise 9E question 1 can then be used to determine which students have spotted the patterns given in the worked examples.
Sections 6 and 7 apply formulae that are given in the formula book. The biggest challenge for students is to apply the formulae correctly. 
Chapter links
	Source
	Description

	External resources:
STEP









Geogebra

Underground Mathematics
	

https://stepdatabase.maths.org/database/index.html
16-S3-Q1 (Reduction)
94-S3-Q1 (Reduction)
92-S3-Q6 (Reduction)
98-S2-Q4 (Reduction)
Spec-S3-Q6 (Reduction)
87-S3-Q2 (Reduction)
13-S2-Q2 (Reduction)
03-S3-Q1 (Inverse Trigonometry)
97-S1-Q2 (Inverse Trigonometry)
Formula for arc length: https://www.geogebra.org/m/We6H4VYH
Surface area of revolution 1.1: https://www.geogebra.org/m/nd75pSrV
Frightening function: https://undergroundmathematics.org/polynomials/frightening-function

	Links with other topics
	Section 1: Rewind to Mathematics Student Book 2, Chapter 10
Section 2: Rewind to Chapter 8, Section 6
Section 4: Rewind to Mathematics Student Book 2, Chapter 5 and Chapter 11
Section 5: Rewind to Further Mathematics Student Book 1, Chapter 12
Section 6: Rewind to Mathematics Student Book 1, Chapter 15





10 Maclaurin series and limits (p.232)
AQA specification references: D5, D7, E9
Chapter objectives
· Find Maclaurin series for functions without using any standard results.
· Use Maclaurin series to approximate particular values of functions or definite integrals.
· Find limits of functions in certain circumstances using Maclaurin series or using an alternative method called l’Hôpital’s rule.
· Find the value of definite integrals in certain cases where a limiting process is required (improper integrals).
Teaching breakdown
	Chapter section
	Number of lessons

	1. Maclaurin series
	1

	2. Limits
	1

	3. Improper integrals
	1



This chapter fills in the gaps from A Level Further Mathematics Student Book 1, Chapter 11, where Maclaurin series were used but their origins were not given. Section 1 explains how to create a Maclaurin series for the standard functions and then extends this for composite functions. 
Limits in the context of calculus have already been studied before in A Level Mathematics, but here limits of quotients of algebraic expressions are examined using two techniques: Maclaurin series expansions and l’Hôpital’s rule.
The chapter ends by examining improper integrals of the form  and where f(x) is undefined at a value of x in the domain. 
Common misconceptions
Students need to be organised when they are writing their Maclaurin series expansions, as this can lead to mistakes and errors. In addition to this, students must remember that they are dividing successive differentials by factorials as this is sometimes missed.
To aid students’ understanding of the process, you may wish to use a graphing package to demonstrate what higher degree terms in a Maclaurin expansion are doing.
Students can sometimes become confused when to use the standard results to find a composite functions Maclaurin expansion or derive it from the definition. They must read the question carefully to determine what is required. When using standard results, as in Worked Example 10.3, students need to be careful when to apply the index laws.
When applying the techniques of Section 2 students need to be confident in applying the techniques of Section 1 (Worked Example 10.5 and Exercise 10B question 2) and recognise when l’Hôpital’s rule can be applied (Worked Examples 10.7, 10.8, and 10.9). Work it out 10.1 can be used to help draw out the correct use of l’Hôpital’s rule before gaining fluency by using Exercise 10B question 3.

10 Maclaurin series and limits (cont…)
The final section requires students to understand the structure of the mathematical argument and they could do this by studying Worked Examples 10.10 and 10.13. In addition to this, students will need to be fluent at performing integration with all the functions of the Further Mathematics course. The exam question from Mixed Practice 10 (question 5) can be used to diagnose if students have fully taken on board the structure for working with improper integrals. 
Chapter links
	Source
	Description

	External resources:
Underground Mathematics

NRICH
STEP

Geogebra


Khan Academy


Versal
	
Designing a polynomial: https://undergroundmathematics.org/power-series/designing-a-polynomial
Towards Maclaurin: https://nrich.maths.org/4750
https://stepdatabase.maths.org/database/index.html
92-S2-Q1 (basic limits)
Maclaurin polynomials: https://www.geogebra.org/m/DwHZaEDD
10.1 Improper integrals: https://www.geogebra.org/m/WUXGXU8t
Introduction to improper integrals: https://www.khanacademy.org/math/calculus-home/integration-calc/improper-integrals-calc/v/introduction-to-improper-integrals
Improper integrals: https://versal.com/learn/2lfi51/lessons/1

	Links with other topics
	Section 1: Rewind to Further Mathematics Student Book 1, Chapter 11
Section 2: Rewind to Mathematics Student Book 1, Chapter 12





11 Differential equations (p.250)
AQA specification references: I1, I2, I4-6
Chapter objectives
· Understand and use the language associated with differential equations.
· 
Solve differential equations of the form  +P(x)y = Q(x).
· 

Solve differential equations of the form +b  + cy = f(x).
· Use substitutions to turn differential equations into the required form.
Teaching breakdown
	Chapter section
	Number of lessons

	1. Terminology of differential equations
	1

	2. The integrating factor
	1

	3. Homogeneous second order linear differential equations with constant coefficients
	1

	4. Inhomogeneous second order linear differential equations with constant coefficients
	1



This chapter builds on the work from A Level Mathematics where separation of variables was applied to solve first order differential equations. Section 2 extends the solving of first order differential equations to ones that can be solved using an integrating factor. 
Sections 3 and 4 concentrate on solving certain types of second order differential equations. The definitions of the terms involved are explained in the context of the AQA Further Mathematics course, in Section 1.
Common misconceptions
Terminology is a key area that can cause issues for students in this topic. Section 1 outlines all the key terms required for the AQA Further Mathematics course and Proof 5 demonstrates why you can consider the general solution for a linear differential equation consisting of a complementary function and a particular integral. Exercise 11A questions 1, 2 and 3 could be used to consolidate the terminology outlined in Section 1. Working Proof 5 through with Worked Example 11.1 will help students recognise what is required when finding a general solution. Students can then apply this knowledge using Exercise 11A questions 4-7.
When working with an integrating factor in Section 2, students can often miss key parts of the process out. If students have seen and worked through the general method with an example (using question 1 from Exercise 11B) this will allow the technique to embed, and could help reduce errors. 


11 Differential equations (cont…)
The homogeneous second order linear differential equation solutions in Section 3 are determined by creating the auxiliary equation and studying its roots. Although most of the time students will be required to recognise the form given in Key Point 11.5, it is again a good idea to go through Proofs 6, 7 and 8 with an example as this will draw out any misconceptions the students have about the use of linear combinations of solutions from Proof 6, complex coefficients in Proof 7 and the requirement for an additional term, Bxekx, when the discriminant of the auxiliary equation is equal to zero. In addition to this, students sometimes find it challenging to see why a linear combination of the exponential functions is required. Following a procedure like Proof 8, where you can check ekx and Aekx will help students come to terms with the general solution structure. 
The final section of the chapter requires students to go back to the ideas introduced in Proof 5. Key Point 11.6 outlines the trial functions for finding the particular integral. It may also be a good idea to use Exercise 11D question 8 as an additional worked example to allow students to apply the same process as Worked Example 11.5 but reach an issue when the trial function is already part of the complementary function. Going through this process will help students to remember the need to adapt their trial function. This idea can be extended to an example where the auxiliary equation has a repeated root and the inhomogeneous part of the linear differential equation also involves an exponential function with the repeated root. The process will help students distinguish between the adaptation required for the complementary function (Aekx + Bxekx) and the adaptation required for the trial function. 
 Chapter links
	Source
	Description

	External resources:
STEP


NRICH

	

https://stepdatabase.maths.org/database/index.html
10-S3-Q8 (Integrating factor)
Spec-S1-Q3 (Second order)
First order differential equations: https://nrich.maths.org/11053 

	Links with other topics
	Section 1: Rewind to Mathematics Student Book 2, Chapter 13





12 Applications of differential equations (p.272)
AQA specification references: I3, I7-11
Chapter objectives
· Use differential equations in modelling, in kinematics and in other contexts.
· Solve the equation for simple harmonic motion and relate the solution to the motion.
· Use Hooke’s law.
· Model damped oscillations using second order differential equations and interpret their solution.
· Solve coupled first order differential equations.
Teaching breakdown
	Chapter section
	Number of lessons

	1. Forming differential equations
	1

	2. Simple harmonic motion and Hooke’s law
	1

	3. Damping and damped oscillations
	1

	4. Coupled first order differential equations
	1



In this chapter students will apply the knowledge gained in Chapter 11 to model real world situations that involve rates of change. Sections 2 and 3 focus on an area of mechanics and students will need to be familiar with the mechanics aspects of A Level Mathematics before starting these. 
The final section of this chapter looks at how to deal with linked first order differential equations and the real world situations that can be modelled by them.
Common misconceptions
Just like with Chapter 11, not recognising the terminology around differential equations can hold a student back when forming differential equations from a body of text to model a particular real life situation. Worked Example 12.1 demonstrates the type of language used in a mechanics situation. Students can build confidence by using Exercise 12A questions 1 and 2, where they are required to show that the differential equation has a certain form. Students can then try out the skills they have gained on questions 4, 5 and 6 to test if they can correctly construct the differential equations used to model each situation. 
Section 2 focuses on a particular application of differential equations: simple harmonic motion (SHM). Students who are not confident in mechanics can often worry about the application of differential equations in this situation. However, all the key language required is outlined in Section 2 and Key Points 12.1 to 12.4. It may also be helpful to set up an experiment and look at the mechanics of SHM before applying the equations. 
Once Hooke’s law is introduced, Worked Example 12.2 outlines some of the common themes in questions of this type. Students can remind themselves of which aspects from A Level Mathematics (mechanics) are being used at each stage to remove any mystery from solving problems of this type. Exercise 12B question 14 could then be looked at as a class to draw out any misconceptions.

12 Applications of differential equations (cont…)
Students can also find it hard to get started on questions involving springs. It could be helpful to talk about the common calculations and applications of mechanics knowledge that is required for each question in Exercise 12A.
The simple harmonic motion model is adapted in Section 3 to include a drag force. This leads to the situations outlined in Key Point 12.7. Students can find it difficult to link their work in Chapter 11 with the terminology of Chapter 12, Section 3. To aid this transition, Exercise 12C question 1 will allow students to identify the different types of damping from the homogeneous second order differential equations. The rest of the exercise can then be used to build confidence before tackling the AQA exam questions 10 and 11 to consolidate the learning and highlight what exactly the students should be looking for in a question. 
The final section requires students to form two linear first order differential equations and then apply the method of Worked Example 12.4 to solve them. Once again, extracting the correct information from the question is an important place to start and looking at Exercise 12D questions 6 and 7 for forming the differential equations might be a useful place to start before solving. 
Chapter links
	Source
	Description

	External resources:
NRICH








STEP:
	
Differential equation matcher: https://nrich.maths.org/5875 
It’s only a minus sign: https://nrich.maths.org/5874
Modelling assumptions in mechanics: https://nrich.maths.org/6631 Bessel’s equation: https://nrich.maths.org/6410 
What’s my equation?: https://nrich.maths.org/6359
The not-so-simple pendulum 1: https://nrich.maths.org/6161 
The not-so-simple pendulum 2: https://nrich.maths.org/6478 
Predator-prey systems: https://nrich.maths.org/6510 
https://stepdatabase.maths.org/database/index.html
89-S3-Q8 (Coupled)
95-S3-Q3 (SHM)
96-S2-Q11 (SHM)
09-S3-Q10 (SHM)

	Links with other topics
	Section 1: Rewind to Mathematics Student Book 1, Chapter 18
Section 1: Rewind to Mathematics Student Book 2, Chapter 13 Section 2: Fast forward to Further Mechanics Student Book, Chapter 5





13 Numerical methods (p.297)
AQA specification references: J1-3
Chapter objectives
· Approximate definite integrals using the mid-ordinate rule.
· Approximate definite integrals using Simpson’s rule.
· Find approximate numerical solutions to differential equations using Euler’s method and the improved Euler method.
Teaching breakdown
	Chapter section
	Number of lessons

	1. Mid-ordinate rule
	1

	2. Simpson’s rule
	1

	3. Euler’s method
	1

	4. Improved Euler’s method
	1



The final chapter of the book gives two techniques for finding approximations of definite integrals that are more sophisticated than the trapezium rule. 
The chapter ends with a method to construct an approximate solution to a differential equations of the form . A variation on Euler’ method is also introduced. 
Common misconceptions
Numerical methods give a way to find an approximate solution to a given problem and sometimes students don’t understand that this is different from an analytical solution, which is not an approximation. 
The chapter is split into two main ideas: finding approximations for definite integrals and finding approximate solutions to differential equations of the form .
Sections 1 and 2 focus on approximating definite integrals. Here, students need to learn how to apply the formulas correctly and lay out their work to help minimise errors. Worked Examples 13.1 and 13.2 lay out their solutions in a way that students may find helpful. As highlighted in Exercise 13B question 2, students can often confuse the number of strips with the number of x-values (ordinates) required. 
Euler’s method for approximating a solution to differential equations of the form  can look mysterious to students, however the section introduction provides a structure that students can follow and gain an understanding of what is going on. Students could then adapt Worked Example 13.3 with different values of h to see how they can make closer approximations to y(1.3). They could then try Exercise 13C question 1 (i) parts to test if they can apply the method to a different differential equation, while making sure they are all in the form .


13 Numerical methods (cont…)
Finally, students will need to make sure they are clear as to which addition to Euler’s method they need when approximating a solution to differential equations of the form . It may be worthwhile picking apart the formula for Section 4 as students can again find the processes mysterious. Students could then apply the Improved method to Worked Example 13.3 and compare the results. At this stage, the students may want to use a spreadsheet to help speed up the process and analysis. 
Chapter links
	Source
	Description

	External resources:
Geogebra





Versal

	
Numeric integration: https://www.geogebra.org/m/hTWumGxs
Demonstrating Euler’s method approximation: https://www.geogebra.org/m/a4MyDxv7
Euler’s method: https://www.geogebra.org/m/mPwa7SKk
Slopefields and Euler’s method: https://www.geogebra.org/m/JtZgqhU9
Numerical integration: https://versal.com/learn/pr96gz/lessons/1

	Links with other topics
	Section 1: Rewind to Mathematics Student Book 2, Chapter 15
Section 1: Rewind to Mathematics Student Book 2, Chapter 12
Section 3: Rewind to Chapter 11, Section 2




22	© Cambridge University Press 2017

image1.wmf
1

f()

x


oleObject1.bin

image2.wmf
f()

x


oleObject2.bin

image3.wmf

oleObject3.bin

oleObject4.bin

oleObject5.bin

image4.wmf
1

22

2

()

ax

-

-


oleObject6.bin

image5.wmf
d

d

y

x


oleObject7.bin

image6.wmf
2

2

d

d

y

x


oleObject8.bin

oleObject9.bin

image7.jpg




