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1. Introduction

Let V' be a real vector space of dimension n, endowed with the structure of a simple
Euclidean Jordan algebra. We consider an irreducible symmetric cone (2 inside V' and
denote by T, = V + if2 the corresponding tube domain in the complexification of V.
Here, V is endowed with an inner product (- | -) for which the cone (2 is self-dual. We
refer the reader to [7] for a complete discussion about symmetric cones. Identifying V
with R™, we have as an example of a symmetric cone the forward light cone given for
n > 3 by
L={y eR":y{ —y5 — - —yn >0, y1 >0},

Following the notation in [7], we write r for the rank of 2 and A(z) for the associated
determinant function. Light cones have rank 2 and a determinant function given by the
Lorentz form

Aly)=yi—y3— - —yo fory= (Y, vy, n).

We recall that, given 1 < p,q < oo and v € R, the mixed norm Lebesgue space
L29(Typ) is defined by the integrability condition

a/p 1/q
e = | [ ([ e +mpac) amempa] <

929
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The mixed norm weighted Bergman space AP(Tp,) is then the closed subspace of
L29(Tp) consisting of holomorphic functions on the tube Tp,. These spaces are non-
null only when v > (n/r) —1 (see [6]). When p = ¢ we shall simply write A»P = AP. The
usual Bergman space AP then corresponds to the case when v = n/r.

The weighted Bergman projection P, is the orthogonal projection from the Hilbert
space L2(T) onto its closed subspace A2(Tq) and it is given by the integral formula

Pf(z) = /T By (2, w) f(w) AY~ /) (Tm w) dV (),

where

By(z,w) = dVA"WT)(Z_.w) (1.2)

i
is the weighted Bergman kernel and dV is the Lebesgue measure on C" (see [6]). Note
that the Bergman kernel is a reproducing kernel on A2(Ty), that is, for any f € A2(Ty,),

f(z) = By, (z,w) f(w) A"~/ ") (Imw) dV (w).
Tq

The LP-9-boundedness of the Bergman projection P, is still an open problem and has
attracted a lot of attention in recent years (see [1,2,4,5]). To date, it is only known that
this projection extends as a bounded operator on L?:? for general symmetric cones for
the range 1 <p < oo and q,,, < ¢ < qup, With

v 1 1
= min{p,p'}q,, =14-——7—— and -+—-=1
Qp r'tew, @ =1+ ) =1 ’ + o
(see, for example, [5]) with slight improvements over this range in the case of light cones
(see [9]).

The importance of the boundedness of the Bergman projection can be expressed in
terms of its consequences, among which the following one is well known: if P, extends
to a bounded operator on L7, then the topological dual space (AZ9)* of the Bergman
space AP identifies with A24" under the integral pairing

(fr9)v = . F(2)g()A" " (Im 2) AV (2),

for f € A2 and g € AP (see [6]). So, since the range of boundedness of P, on LP4
is far from being completely known, a natural question is whether there is any way of
characterizing the dual space of AP¢ for values of the parameters p, ¢, v for which P, is
not necessarily bounded. To answer this type of question, it seems natural to consider the
problem of LP9-boundedness of a family of operators generalizing the Bergman projec-
tion. This family is given by the integral operators T' =T, 5., and T" = T; Gy defined
for C°(T;) by the formulae

Tf(z) = A%(Im 2) / B, (2, w) f (w) A (Im w) dV (w)

To
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and

Tt f(z) = A*(Im 2) / B, (z,w)| f(w) AP (Im w) dV (w).

To

Note that the boundedness of T+ on L2%(Ty;) implies the boundedness of T, although
the boundedness of T is typically expected in a larger range than T'".

The boundedness of this family of operators on L2?(Ty;) has been considered in [4] for
the case when P, = Tp ;,—(n/r),, and in [2] for Ty, (n/r),u4m- Both works deal with the
case of the light cone. Here, we consider the problem of the boundedness of the operator
T for general symmetric cones and obtain optimal results for this operator. For this, we
systematically make use of the methods of [2,4], which seem to be appropriate here and,
since we are considering general symmetric cones, the general power function defined in
the text is also useful in this case. Note that the case p = ¢ for general symmetric cones
was implicit in [3]. Our results can be stated in the following way.

Theorem 1.1. Suppose that v € R and 1 < p,q < co. Then the following conditions
are equivalent:

(a) the operator T:B , is bounded on LE(Tg);

(b) the parameters satisty v = a+ 8+ (n/r), a+ 3 > —1 and

e (@)oo ) )-)
<u<min{q(ﬂ+1>+ (’;) 1, q(ﬁ+ (Z)) _ (:) +1}.

Theorem 1.2. The operator T;’ﬁﬁ is bounded on L*°(Tq,) if and only if o« > (n/r)—1,
B>—-1landy=a+F+(n/r).

The condition

o{ e (2) (- (2) ) (2)
cozmarin (2) s+ (2))-(2) )

in Theorem 1.1 is equivalent to

(ﬂ+ (:>>q—u > max{1,q—1}<<’:> —1> and ag+v > max{l,q—1}<(:f> —1>.

As an application, we characterize the dual space of Bergman spaces in some cases where
the Bergman projection is not necessarily bounded, partially answering the question
above.
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2. Integral operators on the cone

The aim of this section is to give LZ-continuity properties of a family of operators on the
cone {2 which are closely related to the operators T, 5. Considering V' = R" as a Jordan
algebra, we denote its identity element by e (this corresponds to the point (1,0,...,0)
in the forward light cone). We recall that a generalized power in the symmetric cone {2
of rank r is defined by

Ag(z) = AT (2) A% (x) - - A (z), s=(s1,82,...,8.) € C",

where z € 2 and Ay(x) are the principal minors of x (see [7, p. 122]). The generalized
Gamma function of the cone {2 is given by

ot = [ OM O g

for s € C".

Lemma 2.1. The above integral is absolutely convergent if and only if Res; >
1(j—1)d for j € {1,...,r} and in this case

Ta(s) = (2m)" 2 [ I(s; — 50— Da),
j=1

where I is the usual Euler function on R, Res; is the real part of s; and %(7“ —1)d =

(n/r)—1.
Proof. See [7, p. 123]. O

We now recall the integrability properties of powers of A and Schur’s lemma. For this
we use the following notation:

o= (s dd(i—1),...) forj=1,...,n,

and
t* = (tp,...,t1), wheret = (t1,...,t).

For t € R" and k € R", t < k is equivalent to t; < k; for j = 1,...,r. The following
result, which can be deduced from the previous lemma, is due to Gindikin [10].

Lemma 2.2. Let s € C" with Res; > (j — 1)%d, a € C" and t € §2. Then the integral

/A (y + DA ()M‘}r()

is absolutely convergent if and only if Re(s + o) < —g¢, and in this case

Is o(t) = Cs,aAsia(t).
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Lemma 2.3 (Schur’s lemma). Let u be a positive measure on a measure space X,
let H(x,y) be a positive measurable function on X x X, and let ¢ > 1, with 1/q+1/q = 1.

If there exist a positive measurable function h(x) on X and a positive constant C' such
that

/x H(z,y)h(z) du(z) < Ch(y)
and

/X H(z.y)h? (y) duly) < Ch (2)

for all x and y in X, then the integral operator

Hf(x) = /X H(z, ) (y) duly)

is bounded on LY(X, u) with ||H|| < C.
Proof. See [11, Theorem 3.2.2]. O

For the real parameters «, 8 and -y, we now consider the integral operators S = S g,y
which are defined on the cone {2 by

Sa(y) = /Q A%(y) A~ (y + v)g(v) A% (v) do.

The following lemmas give continuity properties of the operators S, g, on LI(§2) =
L2, Av=(/) () dy), v € R.

Lemma 2.4. Let v e R, 1 < ¢ < o0,y =a+ + (n/r) and

e (2) {0+ (2))-(2) )
coemnlao i (2)nass (2)) - (2) 1)

Then the operator S = S, g, is bounded on L(02, A¥=("/")(y)dy).
Proof. We can write the integral S as
Sow) = | Hvig(w)ar " (w)do,
where H(y,v) = A%(y)A~7 (y + v)AP~7+(/7)(4) is a positive kernel with respect to the

measure AY~("/7)(v) dv. By Schur’s lemma, it is sufficient to find a positive function h
on {2 such that

/Q H(z,)h (y) du(y) < Ch ()
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and
/ﬂ H(z, y)h? () dp(z) < Chi(y)

for ¢ > 1, and du(y) = A*~(/")(y)dy. We take h(y) = Ay(y), where s = (s1,...,5,)

and s;, 7 =1,...,r, are real numbers to be determined.
Straightforward computations with the use of the given choice of h and Lemma 2.2
yield
—a—v+id(j-1) —a—v+y—(n/r)+1+3d(j—-1)
7 <55 < 7
and

B ) G- By 3G 1) - 2nr) 41
q q

Thus, each s; must belong to an intersection of two intervals. This intersection is not
empty, by hypothesis, since the condition

ol () ol () -(2)
<v< min{q(ﬁ+1)+ (:) -1, q(ﬁ+ (Z)) - (Z) +1}
is equivalent to

gj@\é{q(—wr (:f) —1-Ld(j - 1)) +(j—1)d— (:) +1}
<v< lrgjigr{q<5+ <Z) — ld(j - 1)) - (:‘) F1+(— 1)d}.

It follows that S is bounded on L%({2) for every ¢ > 1 and the proof is complete. O

Lemma 2.5. Suppose that 1 < ¢ < oo, v € R and that S = S, g is bounded on
L2, A»=(*/7)(3)) dy). Then

max{—qa+ (:) —1,q(ﬁ—7+2<’;) —1) - (Z) +1}
<V<min{q(’y—a)— (7:>+1, q(/6’+1)+<7:> —1}.

Proof. Let us take the characteristic function of the Euclidean ball b;(e) of radius 1
centred at e as a test function g. By continuity, A(v) is almost constant on the support
of g. Let us estimate A(v+y) on the support of g(v) for fixed y € (2. For this, note that,
for all y and ¢ in the cone £2 and A > (n/r) — 1, we can write

A My 4v) = c/ e~ WHIOAA=(/T) (£) q¢ (2.1)
0
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(see [7, Chapter VII]). By [6, Theorem 2.45] there exists a constant C' = C(£2) > 1 such
that, for all £ € (2,
(v])

(el€)

I

<

< C, whenever v € by(e). (2.2)

Ql+=

Note that, for C > 1,

S O<ZEIOTWIO< WO <CEI+ I <Cl+ule

Thus, using the estimates (2.2), formula (2.1) and the fact that the determinant function
is homogeneous of degree r (see [7]) we obtain that, for v in the support of g and y € (2,
the following hold:

<(1J>TA(c_a +y) = A(é(g + y)) < A((lje_z + y)
<A(w+y) <A(Ce+y) <A(Cle+vy))
=C"Ae +y).

We conclude that there exists a constant C' = C(£2) > 1 such that, for all y € £,

éA(g +y) < A(v+y) < CA(e+vy), whenever v € bi(e).

It follows that

59(y) = Sxvi(e)(y) = CA% () A (y + e).
So, if S is bounded on L9(£2, A¥=("/7)(y)dy), then the function A®(y)A~7(y + ¢) is in
L4(02, A»=(/7)(3)) dy), which means that

/ At =(n/D) () A0 (y + €) dy < oo.
(%}

By Lemma 2.2 we necessarily have ga + v — (n/r) > —1 and —gy + qa+v — (n/r) <
—2(n/r) 4+ 1, which is equivalent to v > —qar+ (n/r) — 1 and v < g(y — @) — (n/r) +1
with 1 < g < oo. This gives half of the conditions.

By duality, the boundedness of S on L?(£2, A¥~("/7)(y)dy) implies the boundedness
of its adjoint S* on Lq/(Q, AY=(/7) (y) dy), where 1/q 4 1/¢' = 1. Tt is easy to see that

S7g(y) = /QAﬁ_”("/”(y)ﬁ_”(y+v)g(v)Ao‘+”_("/” (v) do.

Using the same reasoning as before we obtain that the function AP=+/7) (1) A=Y (y+e)
must belong to L4 (£, A¥~("/7)(y)dy). Again by Lemma 2.2, we must have (8 — v +
(n/r))d +v—(n/r)>—-1and —¢'y+ (B—v+(n/r))¢d +v—(n/r) < =2(n/r)+1, which
is equivalent to v < ¢(84+ 1)+ (n/r)—1and v > ¢(8—~vy+2(n/r) — 1) — (n/r) + 1. This
completes the proof of the lemma. O

Lemma 2.6. Forv € R, the operator S = S, g, is bounded on L' (2, A¥=("/")(y) dy)
ifand only if y=a+ 3+ (n/r) and —a+ (n/r) -1 <v < g+ 1.
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Proof. We first show the sufficient condition. For any function g in LL({2), using
Fubini’s theorem we have that

/ISg(y)IA”(”/”(y)dy</( A“(y)A”(y+v)lg(v)Aﬁ(v)dv)A”("/”)(y)dy
0 (9] 0
_ ; (4 p) AOH—(n/7) o) do
~ [ 1o >|(/QA (y +v)A™ <y>dy)M< d
= )[AY ) () do
C/Q|g<>|A (v) d,

where the last equality follows from Lemma 2.2, since v = a+ 8+ (n/r) and —a+(n/r)—
l<v<pB+1.

To prove the necessary condition, we proceed as in the proof of Lemma 2.5. This means
that the operator

5%g(y) = / AP () ATy + v)g(0) ATH T (v) du
Q
must be bounded on L>({2). As a test function, we take g(v) = 1. Then
1S*g(y)l :/ AT () AT (y + 0) AT (1) do.
7

It follows from Lemma 2.2 that we must necessarily have oo + v — (n/r) > —1 and
—y4a+v—(n/r) < —=2(n/r) + 1. In this case, |S*g(y)| = CAP=ITe+®/7)(y) which
belongs to L*°(§2) if and only if 5 — v + a + (n/r) = 0. This completes the proof of the
lemma. d

3. Positive integral operators on the tube Ty,

In this section, we give some boundedness conditions for the family of integral operators
T4 3,y defined on the tube T'p. We begin by recalling some results.

Lemma 3.1 (Békollé et al. [6, Lemma 4.11]). There are constants C,, > 0 and
§ > 0 such that, for all z =z + iy € To, v € 2 with |z| < L, |v], |y| <6,

/ B, (2,u+iv)| du > C,A™"(y +v).
lul<1

Lemma 3.2. Let « be real. Then we have the following.

Taly) = / N <“11y> ‘ dz

converges if and only if a > 2(n/r) — 1. In this case, Jo(y) = Co A~/ (y),
where C,, is a constant that depends only on «.

(i) The integral
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(ii) The function

1

_af # it
ro)=a (30,
with t € (2, belongs to AP»? if and only if

v (”)_1 and a>maX(W)‘1,”+”+W”‘l).

r p rp q
In this case,
||fHZ‘qu = Cmp’qA*anr(nq/TPHw(t).

Proof. See [6, Lemma 3.20]. O

Theorem 3.3. Suppose that v € R and 1 < p,q < co. Then the following conditions
are equivalent:

(a) the operator T is bounded on LE4(Tg);

(b) the parameters satisty v = a+ 8+ (n/r), a+ 3 > —1 and
maX{ —ga+ (n> -1, q(—a—i— (n) —1) - (n> +1}
r r r
< V<min{q(ﬂ+1)+ (Z) -1, q(ﬁ+ (Z)) — (Z) +1}.

Proof. The ideas of the proof are the same as those in [2,6]. Let us first prove the
sufficient condition. For f : Ty, — C, we write f,(z) = f(z +iy). Then

T*f(z+iy) = (T" f)y(2)
= d,A%(y (// - SAREARNE u)fy(u)du>A5(v)dv

= d,A%(y) / (ATOF I 4 1) () A% () do

Without loss of generality, we may assume that f is non-negative. By the Minkowski
inequality, the Young inequality and Lemma 3.2 (i) we obtain

T Pbinien = ([ 1 pepaz)”
—amem( [ [oaar e p@ate ) ar)
<4, 87() [ 1AL £ A7 ) do
< d,A%(y) / 1A, I | £l AP (v) do

= Ca/ A (y) AT (y + )| fullp A7 (v) dv
[0}
= CaS([1£ollp)(9),
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where ||A;_S}+(”/T))||1 is given by part of Lemma 3.2 (i). The sufficient condition then
follows from Lemmas 2.4 and 2.6.

We now prove the necessary condition. We first show that if the operator Tt is bounded
on LP4(Tg), then the equality v = a + 8 + (n/r) necessarily holds. We recall that the
determinant function is homogeneous of degree r (see [7]). For f € LP9(Ty;), we define
fr, R > 0, by fr(z) = f(Rz) for any z € T. The function fr belongs to LE(T).
Using the homogeneity of the determinant function we obtain

1 fRllLy. = R0~/ =na/m=ny e
and
1T (fr) ||<£€1q — RrO+®/r))g—rag—r(v—(n/r))—n(q/p)—n—q(rf+2n) ||Tf||f£€1q_
It follows from the hypotheses that there exists a positive constant C such that
| T+ (fr)| pa < C||fr|lppa. This is equivalent to R™ === T+ f|| p.e < O||f| pa for
all R > 0, which necessarily implies that v = a+ 8+ (n/r). The condition a4+ 3 > —1 is
naturally necessary, since otherwise the range of v would be empty. To obtain the other
necessary conditions, we test 7" on the functions f(z +iy) = xjzj<1(2)g(y), with g a
positive function compactly supported in the intersection of the cone with the Euclidean
ball of radius ¢ centred at 0. Using Lemma 3.1, it follows that, for 2 and y with |z| < %,
ly| < &, the following inequality holds:

T+ f(x + iy) > CA®(y) /Q Ay + 0)g(0) A% (0) do.

Then, by assumption, there exists a constant C independent of g such that

/yen,y<5 (Aa(y) /g ATy +0)g(0)A" () d“>qA"_("/”(y) dy
<c [ gwarem) .

By homogeneity of the kernel, we can replace the constant § by an arbitrary positive
constant K. It follows that, for every positive function g on {2, we have the inequality

q
/ (A%y) [ A7+t dv) AV () dy
yeNR,|y|<K 2
< C/ g7 (v) A=) () dw.
vENR,|v|<K

Then, by density of compactly supported functions, we have the same inequality without
any bound on the integrals. The other necessary condition of the theorem is then a
consequence of the necessary conditions in Lemmas 2.5 and 2.6 and the relation v =
a+ B+ (n/r), obtained previously. This completes the proof of the theorem. a
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Corollary 3.4. Let 1 <p,g<ocandv eR. Ify=a+ 3+ (n/r), «a+ > —1 and

ol () e (5) ) ()
<vcmin{a@ e+ () 1a(s+ (2)) - (%) 1},

then the operator Ty, 5~ is bounded on LP(Tg).

We define the Berezin transform on Ty, as the operator defined on L'(Ty) by the
pairing
<f327BZ>a z€Tq,

where B, = A™/"(Im 2)B(n/r (-, 2) is the normalized reproducing kernel of A?(T) (see,
for example, [11] for more on the Berezin transform).

Corollary 3.5. Let 1 < p,q < co. Then the Berezin transform defined on T, by

B(f)(z) = A2("/”(11112)/T | Bs(n/r) (2, w)|f(w) AV (w),  z € Tq,

is bounded on LP1(T,dV (2)), if and only if ¢ > 2 — (r/n).

Note that the above corollary was proved in [8] in the setting of the light cones and
for p = gq.

Corollary 3.6. Let 1 < p,q < oco. If v and m are real numbers such that v +m >
(n/r) — 1, then the positive operator Q* defined by

Q+f(2) = / 1By (22 0)] () A~/ (T w) AV ()
To

is bounded from LE9(Tq) to LY, (Tq) if and only if the following conditions are sat-
isfied:

e (3 (2) ) (2)
coemi (2) 1) () - () 1)

Proof. The operator K defined by K(f)(z) = A~™(Im z) f(2) is an isometric isomor-

phism of L?:%(Tq) to Ly, .(Te). Since, for every f in LY (Tgq),

Q+f(2) = / 1By (2, w)| A~ (T ) f (1) A=/ (T ) AV (u0)
To

= TUJTVerf(n/r),qum (Kf)(z)>

the corollary follows from Theorem 1.1. a
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Note that the above corollary in the case when r = 2 is [2, Proposition 3.5]. We recall

that P =T, si—(n/r).u- The boundedness of P} has been obtained in [4] for the case of

the light cone. The following corollary is its generalization.
Corollary 3.7. Let p,v € R and 1 < p,q < oo. Then Pj is bounded in LPY(Tq) if
and only if u,v > (n/r) — 1 and
- —1 —1 —1
o {22 =D v 1) v o
w—((n/r) —1) I (n/r) =1

Recall that the Bergman projection P, is defined for f € Lﬁ(Tg) by

Puf(z) = /T By (2 w) () AP/ (I w) AV (w),

where the Bergman kernel B, is given by (1.2). P, f(z) defines a holomorphic function
in T, whenever the above integral is absolutely convergent. This is also the case if we
consider P, f(z) with f € L29(Tq). Using the notation

G = v+ (n/r)—1
P ((nfrp') = 1)4

with g, , = oo if n/r < p’, we have the following proposition (see also [5, Lemma 4.23]
for the case p = v).

Proposition 3.8. Let p,v € R, and 1 < p,q < oo. If P, extends as a bounded
operator on L29(Tq), then B, (z,ie) € L¥% and A*~(Im z) B,(z,ie) € L 4. The latter
is equivalent to the following conditions: v > (n/r)—1 and p((n/r)—1—p) < 2(n/r)—1<
p((n/r) + 1),

{ v—(n/r)+1 v+ (n/r)—1
max , -
(k= (n/r)+ 1)+ (p+ (n/rp’))+

Proof. Let P be the adjoint operator of P, with respect to the pairing (-,-),. We
have

} <q<qup-

P f(z) = A*7"(Im z)/T B (z,w) f(w) A"/ (Imw) dV (w), f€ Lo

Testing P, with

F1(2) = X8 (i) () A7#H /) (Im 2)
and P; with

f2(2) = XBl(iQ)(Z)A_VJ’_(n/r) (Im 2),

where Bj(ie) is the Euclidean ball of radius 1 centred at ie, it follows from the mean-
value property that P, f1(2) = CB,(z,ie) and P fa(z) = CA*7"(Im 2) B,,(z, ie). Conse-
quently, we have B, (z,ie) € L?9 and A"~ (Im z)B,(z,ie) € L4 Thus, by Lemma 3.2
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this is equivalent to v + (u — v)q¢' > (n/r) — 1, v > (n/r) — 1,

ORI

and
M+(n> >maX{n,—I—V—i—(M_V)q/,—"_(n/r)_l,n+V+(n/r)_1}.
r p q rp q
That is,
n n n 11
v>(—]-1 p+{=)>(2(=-)—-1)max|(—, -
r r r pp
and

v—(Mm/r)+1 v+ (n/r)—1
max{(

SR ) <1

O

Theorem 3.9. The operator T is bounded on L™ (Ty,) if and only if a > (n/r) — 1,
B>-1andy=a+p+ (n/r).

Proof. We first prove the sufficiency. For any f € L (T;), we have
T fa +iy)| < Aa(y)/ |B, (2 + iy, u+ )| | f (u + iv)[ A7 (v) du dv

To
A-GH@/r) (fc —utily+ U)) ‘

1

< 1A% (y) /

To

« ABHE/=(/) (4 day do
< C||flloe A7 (y)
= C| flloos

where the third inequality follows from Lemma 3.2 under the hypotheses.

We now prove the necessary condition. First, we show that if 7" is bounded on
L>(Tp), then the equality v = a + 8 + (n/r) holds. For f € L>(Ty), we define the
function fr, R > 0, by fr(z) = f(Rz) for any z € Tp. The function fr belongs to
L>(Tp,) and we have ||frllco < || f]loo- Using the homogeneity of the determinant func-
tion we obtain

IT* (fR) oo = RIOH/IImrarb=2n ot gl
It follows from the hypotheses that there exists a positive constant C' such that
IT+(fa)llse < Cllfrlloe- This implies that RrO-+H/m)=re=ra=2n| 74 £ < O for
all R > 0, which necessarily implies that v = a+ 3+ (n/r). Now, we test 7T on the func-
tion f(z +1iy) = X|z|<19(y), where g is a positive function compactly supported on the
intersection of the cone with the Euclidean ball of radius ¢ centred at 0. From Lemma 3.1,
we have that, for z,y with |z| < 1,|y| < 4, the following inequality holds:

A(y) / A~y + v)g(@) A% (0) dv < CT* F (& +iy) < O lloe-
vEN,|v|<s
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We already know that by homogeneity of the kernel we can replace § by an arbitrary
positive constant K. Thus, by density of compactly supported functions, we can just
write the left-hand side of the above inequality without any bound on the integral.
Taking g(v) = 1, it follows that we should have

A (y) /Q A7 (y +v)AP (v) dv < oco.

It follows easily from Lemma 2.2 that we should have § > —1 and —y + 8 < —2(n/r) +
1. Thus, using the equality previously obtained, we deduce that a > (n/r) — 1. This
completes the proof of the theorem. O

Although the conditions for the boundedness of T+ are generally only sufficient for
the boundedness of T, in the case of L>°(Ty;) they are also necessary, as we show in the
next result.

Theorem 3.10. The operator T is bounded on L>°(Ty,) if and only if & > (n/r) — 1,
B>—-1landy=a+p+ (n/r).

Proof. We only have to show the necessity. Let T be bounded on L*(Ty). The
condition v = a + 8+ (n/r) follows from the proof of Theorem 3.9. Let w = ¢ +it € Ty,
be fixed and consider the function f,, given by

By (€ +it, x4 1y)|

fulz+1y) = F ) Nlel<19),

where g is a positive function compactly supported on the intersection of the cone with
the Euclidean ball of radius § centred at 0. Testing 7" with f,, and taking = + iy = w
yields (using the same reasoning as in the proof of Theorem 3.9) that we should have
B> —1and —y+ [ < —2(n/r)+ 1 and consequently that o > (n/r) — 1. O

4. The topological dual of AP9(Tp), 1< q < q,

We recall the following notation:

. v+ (n/r)—1 ) , v
v T TN 1 v,p = MNP, , and ¢, =14+ ————
b = (prpy -1, e = minlpNe “ ) 1

with g, , = oo, if n/r < p'. It is clear that 1 < ¢, < qu,p < Gup. By the density of the

intersection ALY N Ai in AP?. we have the following reproducing formula for all o >
(n/r)—1land f € AD? with 1 <p<ooand 1< ¢q< G,y

() = /T Bo(2,w) f(w) A%/ (Imw) AV (w), = € To. (4.1)

The following theorem characterizes the topological dual space of the Bergman space

AP¢ for some values of p, ¢ and v for which the Bergman projection is not necessarily
bounded.
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Theorem 4.1. Let v > (n/r) — 1 bereal, 1 < p < ococand1l < q< q,. If pisa
sufficiently large real number so that p > (n/r)—1 and 1 < ¢’ < g,,, then the topological
dual space (AP9)* of the Bergman space AP:? identifies with Aﬁl7q/ under the integral
pairing

(f,9)a= [ [flw)glw)A* ") (Imw)dV (w),
To

where
|2 1 1 1 1
a=—+.5 ot =_+o=1
q g p p a g

Proof. We have the equality

. (2)9(=)A°= "/ (Im z) AV (2)

— / (A(”_(”/T))/Q(Im z)f(z))(A(”_("/r))/q,(Im z)@) dV(z).

Since, for every f € AP9, the function A=(/")/4(Tm 2) f(2) is in LP9(Tg,dz) and, for
every g € Aﬁ/’q/, the function AW=(2/m)/d" (Im ;z),g(z) is in LP"4' (T, dz), it follows that
the given form is well defined and every g € AJ - defines an elen/lerllt of (AE7)* given by
the above integral pairing. The injectivity of the mapping g € AL 9 (,9)q follows by
testing with f = B, (-, w) (which belongs to A2? by Lemma 3.2 since a > (n/r) — 1 and
q>q, > (p+(n/r)=1)/(p+ (n/rp'))) and using the reproducing formula (4.1).

Now let us show that every element M of (AP7)* can be represented by an element
g of Aﬁ/7q/. By the Hahn—Banach theorem, there exists a function h € Lﬁl’q/ satisfying
2]l »7.ar = [|M]] such that, for any f € AP,

Ly
M(f) = / F(2)h(z) A"~/ (Im z) AV (2).
To
Let us set k(z) = A#=m/4 (Im 2)h(z). Then k € Lﬁ/vq/ and we have
FREAY M (i 2)aV(s) = [ f(2)FEA ) Im2) dV (2).

TQ TQ

It is easy to see that

remnfi(o- (2))+(2)to- ()
emffo- (2) )+ (2) - (2) 1)

Thus, P, is bounded on Lﬁ/’q/ and on LP1. If we set g = P,(k), g belongs to AZ/"?/ and
we clearly have

and

M(f) = <fak>oc = <Paf7k>a = <f7Pock>oz = <fag>o¢-
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We have used the fact that, since P, is bounded on L9, it reproduces functions of AD9.
The proof is complete. U
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